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Abstract: Rubella is a virus cause serious health problems, particularly for expectant mothers and their unborn
children. Understanding its dynamical transitions is crucial for elimination strategies. In this paper, we sug-
gest SVEIR model Rubella model that captures the lifelong immunity after natural infection acquired through
vaccination. This work presents the dynamics of Rubella spread using fractal fractional Mittag Leffler operator
and Atangana Baleanu Caputo operator. Both of the operators provide reliable solutions in simulation, while the
fractal fractional derivative provide better results then ABC operator due to its fractal structure solved through
Newton polynomial based numerical approach. A comprehensive mathematical examination of the suggested
model is presented, covering existence of bounded and positive solution, convergence and stability. We also
prove the existence of transcritical bifurcation at R0 = 1 using center manifold theory, which determines the
threshold between disease elimination and endemic persistence. We provide impact of parameters through 3D
bar plot that shows transmission rate and vaccination rate are very important in Rubella disease dynamics. The
chaos test shows that model experiences bounded behaviour and does not exhibit chaotic oscillations. The sta-
tistical analysis provides information about symmetric behaviour of the compartments of the model. The work
serves as a complete reference for mathematical modeling of rubella control.
Keywords: Rubella, Chaos test, Lyapunov function, Transcritical bifurcation, Fractional derivative, Fractal-
fractional operator, Mittag Leffler Kernel, Statistical analysis.

1. Introduction

1.1. Background of Rubella disease

Rubella (German measles) is a contagious viral infection causing a mild rash, fever, and swollen lymph
nodes. While usually mild in children, it is extremely dangerous during pregnancy, especially in the first
trimester, as it can cause congenital rubella syndrome (CRS) leading to miscarriage, stillbirth, or severe birth
defects including hearing loss, cataracts, and heart disease. The virus spreads through respiratory droplets,
coughing, sneezing, and contaminated surfaces. There is no specific treatment; symptoms resolve on their own
with supportive care. The MMR vaccine is highly effective and the best prevention. Rubella was declared
eliminated in the US in 2004, but cases still occur due to international travel and declining vaccination rates.
Maintaining over 95% vaccination coverage is essential to prevent outbreaks and protect pregnant women [1, 2].



Figure 1: Plot showing cases of Rubella from April 2025 to March 2026

1.2. Literature review
Mathematical models play a crucial role in understanding rubella transmission dynamics, predicting outbreak

patterns, and evaluating control strategies. Here we are providing the short summary of the recent studies on
Rubella modeling utilizing integer-order operator in Table 1.

Traditional integer-order differential equations assume that the rate of change of a population depends only
on the current state. However, biological and epidemiological processes exhibit memory effects and non-local
interactions that cannot be captured by classical derivatives. The following factors motivate the use of fractional
and fractal-fractional operators for rubella modeling: Rubella infection induces lifelong immunity after recov-
ery. However, the waning of vaccine-induced immunity is not instantaneous but follows a power-law decay
pattern. Fractional derivatives naturally incorporate this long-term memory, making them ideal for modeling
by studying duration of vaccine protection, by capturing duration of maternal antibodies in newborns, capturing
long-term immune response after natural infection. Rubella transmission involves complex social contact pat-
terns that are inherently non-local in time. An individual’s infection risk depends not only on current infectious
individuals but also on past exposure history. The Mittag-Leffler kernel in ABC and FFM operators captures
this non-local behavior. The fractal-fractional approach accounts for the fractal nature of contact networks.
Rubella spreads through household contacts, school/ workplace contacts, community transmission. The fractal
dimension captures this multi-scale mixing pattern. Studies have shown that disease spread in heterogeneous
populations follows anomalous diffusion rather than classical diffusion. The fractal-fractional operator naturally
handles such behavior. Epidemiological data often exhibit heavy tails and long-range correlations. Fractional
models provide better fit to real rubella incidence data compared to integer-order models, especially for outbreak
duration distributions, inter-outbreak intervals, spatial spread patterns.

Till now, many fractional derivatives have been defined, such as conformable derivative [16, 17], Caputo
Fabrizio based on singular kernel [18, 19] and Atangana Baleanu derivative based on non-local and non-singular
kernel [20]. In 2017, [21] introduced fractal fractional derivative which has been widely used by researchers
due to combination of fractional and fractal operators. In this study, we use both ABC and fractal fractional
derivative with Mittag Leffler kernel to study Rubella disease spread.

The short summary of the recent studies on Rubella modeling utilizing fractional-order operators is provided
in Table 2.

1.3. Contributions of the study
The main contributions of this study are as follows: We suggest Rubella SVEIR model incorporating lifelong

immunity after infection, vaccination, latent period before infectiousness. We also present a complete mathe-
matical analysis including presence of a positive bounded solution, stability of equilibrium points, the basic
reproduction number R0, verification of the occurrence of transcritical bifurcation at R0 = 1, impact of param-
eters through 3D bar, statistical analysis of all compartments and verification of bounded behaviour through
chaos 0-1 test. We provide the comparison of ABC and FFM operators with different fractional orders at various
dimensions solved through Newton polynomial based scheme.

123



Ta
bl

e
1:

Su
m

m
ar

y
of

ke
y

co
nt

ri
bu

tio
ns

an
d

ou
tc

om
es

fr
om

re
ce

nt
R

ub
el

la
m

od
el

s.

Sr
.N

o.
M

ai
n

C
on

tr
ib

ut
io

ns
O

ut
co

m
es

C
ita

tio
n

1
SE

IR
m

od
el

w
ith

ef
fe

ct
of

va
cc

in
at

io
n.

co
m

pa
ri

so
n

of
R

-K
Fo

ur
an

d
R

-K
45

re
ve

al
ed

th
at

R
-K

45
pe

rf
or

m
s

be
tte

r
th

an
R

K
4

in
te

rm
s

of
th

e
ac

cu
ra

cy
.

[3
]

2
St

ud
ie

d
co

-c
ir

cu
la

tio
n

dy
na

m
ic

s
of

m
ea

sl
es

an
d

ru
be

lla
in

co
rp

or
at

in
g

el
ev

en
co

m
pa

rt
m

en
ts

,
st

ud
ie

d
w

an
in

g
of

pa
rt

ia
lv

ac
ci

ne
-i

nd
uc

ed
im

m
un

ity
,e

ar
ly

de
te

ct
io

n
an

d
is

ol
at

io
n,

va
cc

in
at

io
n

ra
te

,a
nd

ve
rt

ic
al

tr
an

sm
is

si
on

of
ru

be
lla

.

In
cr

ea
si

ng
ea

rl
y

de
te

ct
io

n
an

d
im

pl
em

en
tin

g
dy

na
m

ic
va

cc
in

at
io

n
re

du
ce

di
se

as
e

pr
ev

al
en

ce
an

d
re

su
rg

en
ce

ri
sk

,w
he

re
as

w
an

in
g

of
pa

rt
ia

li
m

m
un

ity
ca

n
le

ad
to

re
su

rg
en

ce
.

[4
]

3
R

ub
el

la
m

od
el

w
ith

do
ub

le
-d

os
e

va
cc

in
at

io
n

st
ra

te
gy

,
us

ed
E

ul
er

,
R

k-
4

an
d

N
SF

D
m

et
ho

d.
C

on
ve

rg
en

ce
an

d
co

ns
is

te
nc

y
an

al
ys

is
of

N
SF

D
sc

he
m

e
w

er
e

pr
ov

en
.

N
SF

D
is

m
or

e
re

lia
bl

e
th

an
E

ul
er

an
d

R
K

4.
In

co
rp

or
at

in
g

N
SF

D
en

ha
nc

ed
th

e
m

od
el

’s
ac

cu
-

ra
cy

an
d

st
ab

ili
ty

.
[5

]

4
Pe

ri
od

ic
SV

PE
A

IR
S

m
od

el
w

ith
re

al
da

ta
to

ex
am

in
e

th
e

im
pa

ct
of

va
cc

in
at

io
n,

an
al

yz
ed

bi
-

fu
rc

at
io

n.
R

ub
el

la
ca

se
s

in
C

hi
na

flu
ct

ua
te

w
ith

se
as

on
al

ch
an

ge
s,

de
cl

in
in

g
va

cc
in

at
io

n
ra

te
or

th
e

re
co

v-
er

y
ra

te
ri

se
s

R
ub

el
la

ep
id

em
ic

.I
nc

re
as

ed
so

ci
al

ac
tiv

iti
es

fa
ci

lit
at

e
vi

ra
lt

ra
ns

m
is

si
on

.
[6

]

5
D

et
er

m
in

is
tic

an
d

st
oc

ha
st

ic
m

od
el

,c
on

si
de

ri
ng

ve
rt

ic
al

tr
an

sm
is

si
on

an
d

en
vi

ro
nm

en
ta

lf
ac

to
rs

w
ith

su
sc

ep
tib

le
,fi

rs
tv

ac
ci

na
te

d,
pr

ot
ec

te
d,

in
fe

ct
ed

,a
nd

re
co

ve
re

d
co

m
pa

rt
m

en
ts

.
St

oc
ha

st
ic

re
pr

od
uc

tiv
e

nu
m

be
r

is
sm

al
le

r
th

an
th

e
de

te
rm

in
is

tic
.

R
ed

uc
in

g
ve

rt
ic

al
in

fe
ct

io
n

an
d

tr
an

sm
is

si
on

ra
te

s
an

d
in

cr
ea

si
ng

va
cc

in
at

io
n

an
d

re
co

ve
ry

ra
te

s
ca

n
co

nt
ro

lt
he

sp
re

ad
of

ru
be

lla
.

[7
]

6
R

ub
el

la
m

od
el

in
cl

ud
in

g
va

cc
in

at
io

n
ra

te
,v

ac
ci

ne
w

an
in

g
ra

te
,r

ec
ov

er
y

ra
te

,a
nd

pr
og

re
ss

io
n

ra
te

fr
om

in
fe

ct
io

n
to

se
ve

re
ca

se
s

w
ith

ac
tu

al
da

ta
.

Se
ns

iti
vi

ty
an

al
ys

is
us

in
g

th
e

PR
C

C
ap

pr
oa

ch
,

ac
hi

ev
in

g
at

le
as

t
70

%
va

cc
in

at
io

n
co

ve
ra

ge
m

in
im

iz
es

cu
m

ul
at

iv
e

ne
w

ru
be

lla
ca

se
s,

va
cc

in
e

w
an

in
g

in
cr

ea
se

s
th

e
di

se
as

e
bu

rd
en

.
[8

]

7
M

ea
sl

es
an

d
R

ub
el

la
m

od
el

in
co

rp
or

at
in

g
va

cc
in

at
io

n
w

ith
9

cl
as

se
s,

co
m

pu
te

d
di

se
as

e-
fr

ee
eq

ui
lib

ri
um

po
in

t,
th

e
m

ea
sl

es
-f

re
e

eq
ui

lib
ri

um
po

in
t,

th
e

R
ub

el
la

-f
re

e
eq

ui
lib

ri
um

po
in

t,
an

d
th

e
en

de
m

ic
eq

ui
lib

ri
um

po
in

t,
Tw

o
re

pr
od

uc
tio

n
nu

m
be

rs
,c

or
re

sp
on

di
ng

to
sp

re
ad

of
m

ea
sl

es
an

d
ru

be
lla

.

In
cr

ea
si

ng
th

e
ea

rl
y-

va
cc

in
at

io
n

an
d

fu
ll-

va
cc

in
at

io
n

pr
oc

es
s

re
du

ce
th

e
m

ea
sl

es
an

d
ru

be
lla

in
fe

ct
io

n.
[9

]

8
SI

R
R

ub
el

la
m

od
el

.
R

ub
el

la
va

cc
in

e
ca

n
co

nt
ro

l
in

fe
ct

io
n.

V
er

tic
al

tr
an

sm
is

si
on

re
su

lts
in

in
cr

ea
si

ng
th

e
nu

m
be

r
of

in
fe

ct
ed

pe
rs

on
s,

th
e

in
te

ra
ct

io
n

be
tw

ee
n

su
sc

ep
tib

le
an

d
in

fe
ct

ed
in

cr
ea

se
s

th
e

nu
m

be
r

of
in

fe
ct

ed
pe

op
le

,w
hi

le
tr

ea
tm

en
tc

an
co

nt
ro

li
nf

ec
tio

n.

[1
0]

9
Su

sc
ep

tib
le

,v
ac

ci
na

te
d,

pr
ot

ec
te

d,
ex

po
se

d,
in

fe
ct

ed
,r

ec
ov

er
ed

m
od

el
.

In
cr

ea
si

ng
co

nt
ac

tr
at

e,
ve

rt
ic

al
tr

an
sm

is
si

on
ra

te
,e

xp
os

ur
e

ra
te

an
d

ra
te

of
va

cc
in

at
io

n
w

an
-

in
g

ri
se

R
ub

el
la

sp
re

ad
.

In
cr

ea
si

ng
th

e
va

cc
in

at
io

n
ra

te
an

d
tr

ea
tm

en
tr

at
e

ca
n

he
lp

to
co

nt
ro

l
ru

be
lla

.
T

he
nu

m
be

ro
fi

nf
ec

tio
ns

in
cr

ea
se

s
w

ith
th

e
bi

rt
h

of
in

fe
ct

ed
ch

ild
re

n
du

e
to

in
fe

ct
io

n
of

m
ot

he
r.

[1
1]

10
SE

IT
R

op
tim

al
co

nt
ro

l
m

od
el

ut
ili

zi
ng

va
cc

in
at

io
n

an
d

tr
ea

tm
en

t
as

pr
ev

en
tiv

e
m

ea
su

re
s

to
re

du
ce

th
e

nu
m

be
ro

fi
nd

iv
id

ua
ls

in
fe

ct
ed

w
ith

in
th

e
hu

m
an

po
pu

la
tio

n
an

d
th

e
co

st
of

co
nt

ro
ls

,
N

SF
D

,b
if

ur
ca

tio
n.

C
om

bi
na

tio
n

of
al

lc
on

tr
ol

s
yi

el
ds

th
e

m
ax

im
um

ou
tp

ut
.

[1
2]

11
R

ub
el

la
op

tim
al

co
nt

ro
lm

od
el

w
ith

ve
rt

ic
al

tr
an

sm
is

si
on

in
co

rp
or

at
in

g
va

cc
in

at
io

n
an

d
tr

ea
t-

m
en

t,
un

iq
ue

en
de

m
ic

eq
ui

lib
ri

um
co

nfi
rm

s
th

e
gl

ob
al

st
ab

ili
ty

an
d

th
e

ab
se

nc
e

of
ba

ck
w

ar
d

bi
fu

rc
at

io
n.

Is
ol

at
io

n
an

d
tr

ea
tm

en
tr

ed
uc

es
in

fe
ct

ed
hu

m
an

s.
[1

3]

12
R

ub
el

la
m

od
el

w
ith

va
cc

in
at

io
n

so
lv

ed
th

ro
ug

h
R

un
ge

-K
ut

ta
or

de
r4

an
d

or
de

r5
m

et
ho

ds
.

O
rd

er
5

R
un

ge
-K

ut
ta

is
be

tte
r

th
an

th
e

or
de

r
4

R
un

ge
-K

ut
ta

.
G

ra
ph

of
or

de
r

5
R

un
ge

-K
ut

ta
is

cl
os

er
to

th
e

re
su

lts
of

th
e

an
al

yt
ic

al
si

m
ul

at
io

n.
[1

4]

13
R

ub
el

la
SE

IR
-V

m
od

el
w

ith
va

cc
in

at
io

n
as

a
co

nt
ro

l.
If

R
0
<

1,
th

en
R

ub
el

la
-f

re
e

eq
ui

lib
ri

um
po

in
ts

ar
e

st
ab

le
.I

fR
0
>

1,
th

en
en

de
m

ic
eq

ui
lib

ri
um

po
in

ts
ar

e
st

ab
le

le
ad

in
g

to
th

e
pi

tc
hf

or
k

bi
fu

rc
at

io
n,

nu
m

er
ic

al
si

m
ul

at
io

ns
co

nfi
rm

th
e

re
su

lts
of

an
al

yt
ic

al
co

m
pu

ta
tio

ns
.

[1
5]

124



Ta
bl

e
2:

Su
m

m
ar

y
of

ke
y

co
nt

ri
bu

tio
ns

an
d

ou
tc

om
es

fr
om

re
ce

nt
R

ub
el

la
m

od
el

s.

Sr
.N

o.
M

ai
n

C
on

tr
ib

ut
io

ns
O

ut
co

m
es

C
ita

tio
n

1
R

ub
el

la
m

od
el

w
ith

A
B

C
op

er
at

or
,s

im
ul

at
io

ns
ut

ili
zi

ng
To

ufi
k–

A
ta

ng
an

a
sc

he
m

e
an

d
bi

fu
rc

at
io

n
an

al
ys

is
.F

ir
st

st
ud

y
to

ap
pl

y
th

e
A

B
C

de
riv

at
iv

e
to

th
e

R
ub

el
la

m
od

el
w

ith
bo

th
co

ns
ta

nt
an

d
tim

e-
de

pe
nd

en
to

pt
im

al
co

nt
ro

ls
.

Ti
m

e
de

pe
nd

en
tv

ac
ci

na
tio

n
an

d
tr

ea
tm

en
tr

ed
uc

e
in

fe
ct

io
ns

an
d

as
so

ci
at

ed
co

st
s

m
or

e
ef

fe
ct

iv
el

y
th

an
co

ns
ta

nt
co

nt
ro

ls
.

[2
2]

2
Fr

ac
tio

na
l-

or
de

rr
ub

el
la

m
od

el
w

ith
ve

rt
ic

al
tr

an
sm

is
si

on
in

co
rp

or
at

in
g

su
sc

ep
tib

le
va

c-
ci

na
te

d,
pr

ot
ec

te
d,

ex
po

se
d,

in
fe

ct
ed

,
an

d
re

co
ve

re
d

w
ith

sa
tu

ra
te

d
in

ci
de

nc
e

ra
te

.
G

ru
nw

al
d-

L
et

ni
ko

v
ap

pr
ox

im
at

io
n

m
et

ho
d.

R
ub

el
la

-f
re

e
eq

ui
lib

ri
um

po
in

ta
lw

ay
s

ex
is

ts
an

d
st

ab
le

if
R

0
<

1
,w

hi
le

th
e

en
de

m
ic

eq
ui

lib
ri

um
po

in
te

xi
st

s
if

R
0
>

1,
st

ab
le

if
th

e
R

ou
th

-H
ur

w
itz

cr
ite

ri
on

is
sa

tis
fie

d.
[2

3]

3
R

ub
el

la
m

od
el

w
ith

be
ta

-d
er

iv
at

iv
e

so
lv

ed
th

ro
ug

h
Su

m
ud

u
tr

an
sf

or
m

.
O

ut
co

m
es

sh
ow

th
at

th
e

m
od

el
de

pe
nd

s
on

bo
th

pa
ra

m
et

er
s

an
d

th
e

fr
ac

tio
na

lo
rd

er
.

[2
4]

4
R

ub
el

la
m

od
el

w
ith

fr
ac

ta
l

fr
ac

tio
na

l
op

er
at

or
,

pa
ra

m
et

er
es

tim
at

io
n

us
in

g
re

al
da

ta
.

C
om

pa
ri

so
n

of
er

ro
r

no
rm

s
re

ve
al

ed
th

at
th

e
fr

ac
ta

l
fr

ac
tio

na
l

op
er

at
or

pr
od

uc
es

th
e

sm
al

le
re

rr
or

.

R
is

e
of

re
co

ve
ry

ra
te

an
d

de
cl

in
e

of
tr

an
sm

is
si

on
ra

te
de

cl
in

es
th

e
R

ub
el

la
sp

re
ad

.V
ac

-
ci

na
tio

n
an

d
is

ol
at

io
n

ca
n

he
lp

to
co

nt
ro

lR
ub

el
la

di
se

as
e.

[2
5]

5
R

ub
el

la
m

od
el

w
ith

A
B

C
fr

ac
tio

na
ld

er
iv

at
iv

e
so

lv
ed

th
ro

ug
h

Su
m

ud
u

tr
an

sf
or

m
,e

xi
s-

te
nc

e
an

d
un

iq
ue

ne
ss

of
so

lu
tio

n.
N

um
er

ic
al

si
m

ul
at

io
ns

un
de

rp
in

th
e

ef
fe

ct
iv

en
es

s
of

th
e

A
B

C
de

riv
at

iv
e.

[2
6]

6
Pi

ec
ew

is
e

m
od

el
in

co
rp

or
at

in
g

tw
o

di
ff

er
en

tk
er

ne
ls

w
ith

re
al

da
ta

.I
n

th
e

fir
st

in
te

rv
al

,
th

e
C

ap
ut

o
op

er
at

or
w

as
em

pl
oy

ed
,w

hi
le

th
e

A
ta

ng
an

a–
B

al
ea

nu
de

riv
at

iv
e

w
as

ut
ili

ze
d

in
th

e
se

co
nd

in
te

rv
al

,t
he

pi
ec

ew
is

e
nu

m
er

ic
al

N
ew

to
n

po
ly

no
m

ia
lt

ec
hn

iq
ue

.

T
he

ut
ili

ze
d

ap
pr

oa
ch

is
ef

fe
ct

iv
e

an
d

fle
xi

bl
e

in
m

od
el

in
g

th
e

sp
re

ad
of

th
e

R
ub

el
la

vi
ru

s.
[2

7]

125



1.4. Arrangement of study

The remaining part of the article is arranged as follows: Section 2 presents the formulation and description
of the suggested model, which is compressively mathematically and numerically analyzed in Section 3. Section
4 provides the numerical scheme based on Newton polynomials used to solve the suggested system with ABC
and FFM operator in section 5. Section 6 concludes the findings of the study.

1.5. Basic concepts

In this part, we provide the basic concepts to be utilized in the major part of the article from [28, 29].
Definition 1: The Atangana-Baleanu-Caputo (ABC) fractional derivative of order τ ∈ (0,1) for a function

f (t) is defined as:
ABC
0 Dτ

t f (t) =
B(τ)
1− τ

∫ t

0
f ′(ϒ)Eτ

[
−τ

(t −ϒ)τ

1− τ

]
dϒ (1)

where B(τ) is a normalization function satisfying B(0) =B(1) = 1, and Eτ(z) is the one-parameter Mittag-Leffler
function defined as:

Eτ(z) =
∞

∑
k=0

zk

Γ(τk+1)
, τ > 0 (2)

The Laplace transform of the ABC derivative is:

L
{ABC

0 Dτ
t f (t)

}
=

B(τ)
1− τ

sτL { f (t)}(s)− sτ−1 f (0)
sτ + τ

1−τ

(3)

Definition 2: The fractal-fractional derivative of order τ ∈ (0,1) and fractal dimension ξ ∈ (0,1) is defined as:

FFM
0 Dτ,ξ

t f (t) =
B(τ)
1− τ

d
dtξ

∫ t

0
f (ϒ)Eτ

[
−τ

(t −ϒ)τ

1− τ

]
dϒ (4)

where d
dtξ

denotes the fractal derivative:

d f (t)
dtξ

= lim
t→t1

f (t)− f (t1)

tξ − tξ

1

, ξ > 0 (5)

The FFM operator can be expressed as:

FFM
0 Dτ,ξ

t f (t) =
1

ξ tξ−1
·ABC
0 Dτ

t f (t) (6)

2. Formulation and description of model

In this section, we provide the construction of the Rubella SV EIR model that captures the essential dynam-
ics: susceptible individuals can be vaccinated, infected, or die naturally. Vaccinated individuals have reduced
susceptibility. Exposed individuals progress to infectiousness and recovered individuals gain lifelong immunity.

We have divided the suggested model into Five compartments: susceptible humans, vaccinated humans,
exposed humans, infected humans and recovered humans. S denotes the susceptible individuals, V represents
the vaccinated individuals, E is the group of exposed humans, I is the class of infectious humans, R is the group
of recovered humans with lifelong immunity. Susceptible humans are recruited at the rate of Λ, get vaccinated
at the rate of φ , die naturally at the rate of µ and contact with infected humans at the rate of transmission rate
β to move towards exposed humans. Vaccinated humans get contact with infected humans to move towards
exposed class at the transmission rate of βv. The exposed humans are decreased by the progression rate α .
The infected humans are decreased by the recovery rate γ and the disease-induced death rate δ (negligible for
rubella, but included for generality). Figure 2 depicts the relationship between the several compartments and
model parameters used to create the Rubella model:
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Table 3: Biological Parameters of Rubella SVEIR Model

Parameter Description Typical Value Unit

Λ Recruitment rate (births/immigration) 0.8 week−1

β Transmission rate (susceptible) 0.008 week−1

βv Reduced transmission rate (vaccinated) 0.0008 week−1

φ Vaccination rate 0.015 week−1

µ Natural death rate 0.0005 week−1

α Progression rate E → I 0.5 week−1

γ Recovery rate 0.33 week−1

δ Disease-induced death rate 0.00005 week−1

(a) (b)

Figure 2: Schematic diagram of the SV EIR Rubella model showing transitions between susceptible, vaccinated,
exposed, infected and recovered compartments.

The rubella transmission dynamics are governed by the following system of ordinary differential equations:

dS
dt

= Λ− (β I +µ +φ)S,

dV
dt

= φS− (βvI +µ)V,

dE
dt

= βSI +βvV I − (α +µ)E,

dI
dt

= αE − (γ +µ +δ )I,

dR
dt

= γI −µR,

(7)

with initial conditions S(0)≥ 0, V (0)≥ 0, E(0)≥ 0, I(0)≥ 0, R(0)≥ 0.
The concept of fractal fractional derivative is introduced by [21], which is a highly helpful tool for tackling

challenging issues. The idea on this topic is quite helpful in solving some difficult challenges in many circum-
stances. Two orders are distinguished for the operator: fractional order and fractal dimension. This approach is
superior to the conventional one for the derivation of fractal fractions. Fraction operators and fractal dimensions
are responsible for this. Simultaneous investigation is possible when dealing with fractional derivatives that have
fractal features. The ability to create a model that more correctly represents a system with a memory effect is
one of the operator’s many advantages. Furthermore, a lot of real-world problems require an understanding of
the amount of information a system possesses. For details, please take a look at references [30].
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The fractal fractional extension of the above Rubella model is given by:

FFM
0 Dτ,ξ

t S = Λ− (β I +µ +φ)S,
FFM
0 Dτ,ξ

t V = φS− (βvI +µ)V,
FFM
0 Dτ,ξ

t E = (βS+βvV )I − (αE +µ)E,
FFM
0 Dτ,ξ

t I = αEE − (γ +µ +δ )I,
FFM
0 Dτ,ξ

t R = γI −µR,

(8)

with initial conditions: S(0) = S0 ≥ 0,E(0) = E0 ≥ 0, I(0) = I0 ≥ 0,R(0) = R0 ≥ 0,V (0) =V0 ≥ 0.

3. Mathematical analysis of the Rubella model

In this section, we provide comprehensive mathematical analysis of the suggested model including equilib-
rium points, stability analysis, reproductive number, presence of positive, bounded solution.

3.1. Equilibrium points
The disease-free equilibrium corresponds to the absence of infection. Setting dE/dt = dI/dt = 0 and solv-

ing:

E0 =

(
Λ

µ +φ
,=

φΛ

µ(µ +φ)
,0,0,0

)
, (9)

Biologically, at the disease-free equilibrium, the population reaches a steady state where births and deaths bal-
ance, and a constant proportion of individuals are vaccinated. The susceptible population S0 decreases with
increasing vaccination rate φ , while the vaccinated population V0 increases with φ but is limited by the natural
death rate µ .

Theorem 1: If R0 > 1, system (8) has a unique endemic equilibrium E ∗ = (S∗,V ∗,E∗, I∗,R∗) with I∗ > 0
given by:

S∗ =
Λ

β I∗+µ +φ
,

V ∗ =
φS∗

βvI∗+µ
,

E∗ =
(γ +µ +δ )I∗

α
,

R∗ =
γI∗

µ
.

From dE/dt = 0:
(βS∗+βvV ∗)I∗ = (α +µ)E∗.

Substitute E∗ and S∗, V ∗:(
βΛ

β I∗+µ +φ
+

βvφΛ

(βvI∗+µ)(µ +φ)

)
I∗ = (α +µ) · γ +µ +δ

α
I∗.

Divide both sides by I∗ (since I∗ > 0):

βΛ

β I∗+µ +φ
+

βvφΛ

(βvI∗+µ)(µ +φ)
=

(α +µ)(γ +µ +δ )

α
.

Multiply both sides by (β I∗+µ +φ)(βvI∗+µ)(µ +φ) and simplify to obtain:

ββv(I∗)2 +

[
β µ +βv(µ +φ)− αβvΛ

(α +µ)(γ +µ +δ )

]
I∗+µ(µ +φ)

(
1− 1

R0

)
= 0.

This is exactly A(I∗)2 +BI∗+C = 0 with A,B,C as defined. When R0 > 1, C < 0, so exactly one positive root
exists.

This equilibrium represents the baseline rubella incidence in the absence of control measures or seasonal
forcing. The stability of the endemic equilibrium depends on the recovery rate γ and transmission rate β .
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3.2. Basic reproduction number
In this part, we compute the reproductive number using next-generation matrix method. The basic repro-

duction number R0 is the expected number of secondary infections caused by a single infectious individual in a
completely susceptible population. We compute R0 using the next-generation matrix method [31].

First, identify infectious compartments E (exposed) and I (infectious). Then, construct F and V matrices

F =

(
βSI +βvV I

0

)
, V =

(
(α +µ)E

−αE +(γ +µ +δ )I

)
.

Here, F represents the rate of new infections entering each compartment, and V represents the rate of other
transitions. Now, compute jacobian at Rubella-free equilibrium point:

F =
∂F

∂ (E, I)

∣∣∣∣
E0

=

(
0 βS0 +βvV0
0 0

)
,

V =
∂V

∂ (E, I)

∣∣∣∣
E0

=

(
α +µ 0
−α γ +µ +δ

)
.

The inverse of V is:

V−1 =
1

(α +µ)(γ +µ +δ )

(
γ +µ +δ 0

α α +µ

)
.

The next-generation matrix K = FV−1 is:

K =
1

(α +µ)(γ +µ +δ )

(
α(βS0 +βvV0) 0

0 0

)
.

Reproductive number R0 is the spectral radius of K given by:

R0 =
αΛ

(α +µ)(γ +µ +δ )

(
β

µ +φ
+

βvφ

µ(µ +φ)

)
.

3.3. Stability of equilibrium points
Theorem 2: If R0 < 1, the disease-free equilibrium E0 is locally asymptotically stable. If R0 > 1, E0 is

unstable.
Proof:

J =


−(β I +µ +φ) 0 0 −βS 0

φ −(βvI +µ) 0 −βvV 0
β I βvI −(α +µ) βS+βvV 0
0 0 α −(γ +µ +δ ) 0
0 0 0 γ −µ

 .

At the disease-free equilibrium E0, the Jacobian simplifies to:

J(E0) =


−(µ +φ) 0 0 −βS0 0

φ −µ 0 −βvV0 0
0 0 −(α +µ) βS0 +βvV0 0
0 0 α −(γ +µ +δ ) 0
0 0 0 γ −µ

 .

The eigenvalues of J(E0) are:

λ1 =−µ (multiplicity 2),λ2 =−(µ +φ),

λ3,4 =
− [(α +µ)+(γ +µ +δ )]±

√
[(α +µ)− (γ +µ +δ )]2 +4α(βS0 +βvV0)

2
.

All eigenvalues have negative real parts if and only if the real parts of λ3,4 are negative. This occurs when:

(α +µ)(γ +µ +δ )> α(βS0 +βvV0) ⇐⇒ R0 < 1.
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Thus, the Rubella-free equilibrium points is locally asymptotically stable when R0 < 1 and unstable when R0 > 1.
All eigenvalues have negative real parts, meaning small perturbations (e.g., a single imported rubella case) decay
exponentially. Rubella can be eliminated regionally if vaccination coverage maintains R0 < 1. The local stability
analysis shows that once R0 is pushed below 1, rubella elimination is robust to small perturbations. Even when
R0 > 1, the system may return to equilibrium after an outbreak (damped oscillations).

3.4. Global stability of Rubella-free equilibrium points
For the disease-free equilibrium, we construct a Lyapunov function to prove global stability.
Theorem 3: If R0 < 1, the disease-free equilibrium E0 is globally asymptotically stable.
Proof: Consider the Lyapunov function candidate:

L(E, I) =
1
2

E2 +
α

2(γ +µ +δ )
I2. (10)

The time derivative along trajectories is:

L̇ = EĖ +
α

γ +µ +δ
Iİ

= E[(βS+βvV )I − (α +µ)E]+
α

γ +µ +δ
I[αE − (γ +µ +δ )I]

=−(α +µ)E2 −αI2 +αEI +
α2

γ +µ +δ
EI

=−(α +µ)E2 −αI2 +αEI
[

1+
α

γ +µ +δ

]
.

Using the inequality 2EI ≤ E2 + I2, we obtain:

L̇ ≤−(α +µ)E2 −αI2 +
α

2

(
1+

α

γ +µ +δ

)
(E2 + I2). (11)

This can be written as L̇ ≤ −(1−R0)(positive terms) ≤ 0 when R0 ≤ 1. By LaSalle’s invariance principle, all
trajectories converge to the largest invariant set where L̇ = 0, which is E0.

Biological interpretation: The Lyapunov function method shows that rubella elimination is not just locally
stable but globally stable when R0 ≤ 1. This means that regardless of the initial number of infectious individuals,
the disease will eventually die out if the basic reproduction number is below unity.

3.5. Boundedness and Positivity of Solutions
We first show that all solutions of the rubella SVEIR model remain non-negative and bounded.
Integer-order case: For the classical model (ordinary derivatives) we have, for all t ≥ 0,

S(t)≥ S(0)e−(β∥I∥∞+µ+φ)t , V (t)≥V (0)e−(βv∥I∥∞+µ)t ,

E(t)≥ E(0)e−(α+µ)t , I(t)≥ I(0)e−(γ+µ+δ )t , R(t)≥ R(0)e−µt .

Fractal-fractional (FFM) case: Using the Caputo-type FFM derivative of order τ and fractal dimension ξ ,
we obtain the estimates

S(t)≥ S(0)Eτ

[
− δ 1−ξ τ(β I +µ +φ) tτ

AB(τ)− (1− τ)(β I +µ +φ)

]
,

E(t)≥ E(0)Eτ

[
− δ 1−ξ τ(α +µ) tτ

AB(τ)− (1− τ)(α +µ)

]
,

I(t)≥ I(0)Eτ

[
− δ 1−ξ τ(γ +µ +δ ) tτ

AB(τ)− (1− τ)(γ +µ +δ )

]
,

R(t)≥ R(0)Eτ

[
− δ 1−ξ τµ tτ

AB(τ)− (1− τ)µ

]
,

V (t)≥V (0)Eτ

[
− δ 1−ξ τµ tτ

AB(τ)− (1− τ)µ

]
,

where Eτ is the Mittag-Leffler function and AB(τ) = 1− τ + τ

Γ(τ) is the normalization function.
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3.6. Positively Invariant Region

Define the total population N(t) = S(t)+V (t)+E(t)+ I(t)+R(t). From the model equations we have

dN
dt

= Λ−µN −δ I ≤ Λ−µN.

Hence limsup
t→∞

N(t)≤ Λ/µ . The set

Ω =

{
(S,V,E, I,R) ∈ R5

+ : S+V +E + I +R ≤ Λ

µ

}
is positively invariant and attracting.

Lemma 1: The region

Γ =

{
(S,V,E, I,R) ∈ R5

+ : 0 ≤ N(t)≤ Λ

µ

}
is positively invariant under non-negative initial conditions and attracts all solutions.

Proof: On the boundary of R5
+ the vector field points inward (all derivatives are non-negative). Summing

the five equations gives
FFMDτ,ξ

0,t N(t) = Λ−µN(t)−δ I(t)≤ Λ−µN(t).

Solving this inequality yields N(t)≤ Λ/µ for all t ≥ 0 if initially N(0)≤ Λ/µ . Thus Γ is positively invariant.
Remark 1: Lemma 1 guarantees that all biologically meaningful solutions remain non-negative and bounded,

ensuring the model is well-posed.

3.7. Existence and uniqueness of solutions

Rewrite the FFM system in the compact form

FFMDτ,ξ
0,t X(t) = F(t,X(t)), X(0) = X0,

where X = (S,V,E, I,R) and the components of F are

FS = Λ− (β I +µ +φ)S,

FV = φS− (βvI +µ)V,

FE = (βS+βvV )I − (α +µ)E,

FI = αE − (γ +µ +δ )I,

FR = γI −µR.

Using the equivalent integral form of the FFM derivative,

X(t) = X(0)+
ξ (1− τ)tξ−1

AB(τ)
F(t,X(t))+

τξ

AB(τ)Γ(τ)

∫ t

0
(t −δ )τ−1

δ
ξ−1F(δ ,X(δ ))dδ ,

we split the operator into a contraction part Q (local Lipschitz terms) and a compact part W (integral term). By
showing that Q is a contraction and W is completely continuous, Krasnoselskii’s fixed point theorem guarantees
the existence of a unique local solution. Positivity and boundedness then extend it globally.

3.8. Stability Analysis of the Endemic Equilibrium

Assume R0 > 1 so that a unique endemic equilibrium X∗ = (S∗,V ∗,E∗, I∗,R∗) exists.
Lemma 2: For any constant U∗ > 0 and for all t ≥ 0,

FFMDτ,ξ
0,t

(
U(t)−U∗−U∗ ln

U(t)
U∗

)
≤
(

1− U∗

U(t)

)FFM

Dτ,ξ
0,t U(t).

Theorem 4: If R0 > 1, the endemic equilibrium X∗ is globally asymptotically stable.
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Proof: Consider the Lyapunov functional

U (t) =
5

∑
i=1

(
Xi(t)−X∗

i −X∗
i ln

Xi(t)
X∗

i

)
,

where X1 = S, X2 = V, X3 = E, X4 = I, X5 = R. Applying Lemma 2 and the model equations, we obtain after
rearrangement

FFMDτ,ξ
0,t U (t)≤ Θx −Θy,

with
Θx = Λ+ν(S−S∗)+ζ (E −E∗)+µ(I − I∗)+η(V −V ∗),

Θy = Λ
S∗

S
+(ν +σ +ω)

(S−S∗)2

S
+(ζ +ω)

(E −E∗)2

E
+(µ +ω)

(I − I∗)2

I

+ω
(R−R∗)2

R
+ω

(V −V ∗)2

V
+ cross terms.

One can show Θy ≥ Θx with equality only at X = X∗. Hence

FFMDτ,ξ
0,t U (t)≤ 0,

and by LaSalle’s invariance principle, X∗ is globally asymptotically stable.
Now, we compute the Second derivative of the Lyapunov function. To further characterise the convergence,

we compute the fractional derivative of U̇ :

FFMDτ,ξ
0,t

[
FFMDτ,ξ

0,t U (t)
]
= Λ1 −Λ2.

The sign of this expression determines the acceleration of the approach to equilibrium:

Λ1 > Λ2 =⇒ convex decay (faster convergence),

Λ1 < Λ2 =⇒ concave decay (slower convergence),

Λ1 = Λ2 =⇒ linear decay.

The fractal fractional-order SVEIR model possesses a unique, non-negative, bounded solution. The disease-free
equilibrium is stable when R0 < 1; the endemic equilibrium is globally asymptotically stable when R0 > 1. The
Lyapunov analysis confirms that the memory effects (via the FFM derivative) do not alter the long-term stability,
only the transient dynamics.

3.9. Transcritical bifurcation analysis

A transcritical bifurcation occurs when a trivial equilibrium and a nontrivial equilibrium exchange stability
as a parameter crosses a critical value. Here, the disease-free equilibrium E0 and endemic equilibrium E ∗ collide
and swap stability at R0 = 1.

Theorem 5: Consider system (8) with β as bifurcation parameter. At β = β ∗ defined by R0(β
∗) = 1, there

exists a transcritical bifurcation. For β < β ∗ (R0 < 1), the disease-free equilibrium E0 is locally asymptotically
stable. For β > β ∗ (R0 > 1), E0 becomes unstable and a stable endemic equilibrium E ∗ appears.

Proof: We follow the approach of [32].
In the First step, we select β as the bifurcation parameter. At R0 = 1, from reproductive number, we obtain

the following expression:
α(β ∗S0 +βvV0)

(α +µ)(γ +µ +δ )
= 1.

Solving for β ∗, we obtain:

β
∗S0 +βvV0 =

(α +µ)(γ +µ +δ )

α
.

Thus:

β
∗ =

(α +µ)(γ +µ +δ )

αS0
− βvV0

S0
. (12)
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In the Second step, shift the disease-free equilibrium to the origin by defining:

x1 = E,x2 = I,x3 = S−S0,x4 =V −V0,x5 = R.

Then the Rubella-free equilibrium point become x = 0. Let φ = β −β ∗ be the bifurcation parameter deviation,
so that φ = 0 at the bifurcation point.

At β = β ∗ (φ = 0), the Jacobian J(E0) at Rubella-free equilibrium points has One simple zero eigenvalue,
Four eigenvalues with negative real parts (since R0 = 1 at bifurcation).

The presence of a simple zero eigenvalue satisfies the conditions for center manifold theory.
The right eigenvector v = (v1,v2,v3,v4,v5)

T satisfies J(E0)v = 0:
The right eigenvector is:

v =


v1
v2
v3
v4
v5

=



γ+µ+δ

α

1

− β ∗S0
µ+φ

−βvV0
µ

γ

µ


. (13)

The left eigenvector w = (w1,w2,w3,w4,w5) satisfies wJ(E0) = 0.
Thus, the normalized left eigenvector is:

w =


w1
w2
w3
w4
w5

=



α

α+γ+2µ+δ

α+µ

α+γ+2µ+δ

0

0

0


. (14)

Now, we compute bifurcation coefficients defined as:

a =
n

∑
k,i, j=1

wkviv j
∂ 2 fk

∂xi∂x j
(0,0), b =

n

∑
k,i=1

wkvi
∂ 2 fk

∂xi∂β
(0,0). (15)

b =
αS0

α + γ +2µ +δ
> 0 . (16)

a = 2w1

(
(β ∗)2S0

µ +φ
+

β 2
v V0

µ

)
> 0.

Then with a > 0 and b > 0, the bifurcation is transcritical and the endemic equilibrium is locally asymptotically
stable for β > β ∗ (R0 > 1). Thus, we conclude:

a = 2w1

(
(β ∗)2S0

µ +φ
+

β 2
v V0

µ

)
> 0, b =

αS0

α + γ +2µ +δ
> 0. (17)

Since a > 0 and b > 0, a transcritical bifurcation occurs at β = β ∗ (φ = 0). The disease-free equilibrium E0
is locally asymptotically stable for β < β ∗ (R0 < 1). The disease-free equilibrium E0 is unstable for β > β ∗

(R0 > 1). A unique endemic equilibrium E ∗ exists and is locally asymptotically stable for β > β ∗ (R0 > 1).
Biological interpretation: The transcritical bifurcation at R0 = 1 represents the invasion threshold for

rubella: When R0 < 1: The disease cannot sustain itself in the population. A small number of imported rubella
cases will die out without causing an outbreak. This is the elimination regime. Public health efforts should aim
to keep R0 < 1 through vaccination. When R0 > 1: Rubella can establish itself in the population, leading to an
endemic state. This is the persistence regime. Even with vaccination, rubella may continue to circulate, requiring
ongoing control measures. From R0 = 1, solving for φ gives the critical vaccination rate needed for elimination.
For high vaccine efficacy (βv ≪ β ), we have:

φc ≈
µ(α +µ)(γ +µ +δ )

αΛ
· β

β −βv
· (βS0 +βvV0). (18)
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For rubella, this typically requires approximately 80− 85% lifetime vaccination coverage with two doses of
MMR vaccine. Vaccination rate φ directly lowers R0 (appears in the denominator of S0). Higher vaccination
rates reduce the susceptible population, making it harder for rubella to persist.

Based on the transcritical bifurcation analysis, the following public health recommendations emerge: Main-
tain vaccination coverage such that R0 < 1 to achieve rubella elimination. For rubella, this requires approximately
80− 85% coverage with a two-dose MMR schedule. When R0 > 1 (e.g., due to waning immunity or vaccine
refusal), aggressive outbreak response (mass vaccination campaigns, contact tracing) is needed to push R0 back
below 1. Estimate R0 regularly from case data to determine if rubella is in elimination or endemic regime. A
sudden increase in reported cases may indicate R0 has crossed the threshold. The critical vaccination cover-
age φc defines the herd immunity threshold. For rubella, this threshold is achievable with routine childhood
immunization.

3.10. Chaos analysis using the 0-1 test

The 0-1 chaos test is a binary test that distinguishes between regular and chaotic dynamics in dynamical
systems without requiring phase space reconstruction [33, 34]. Unlike Lyapunov exponent calculations, this test
works directly on time series data and is robust to noise.

For a time series φ( j) where j = 1,2, . . . ,N, the 0-1 test computes the following transformed coordinates:

p(n) =
n

∑
j=1

φ( j)cos( jc), q(n) =
n

∑
j=1

φ( j)sin( jc)

where c is a random constant in (0,π), typically taken as c = π/5 to 2π/3 for robustness. The mean square
displacement is then calculated as:

M(n) = lim
N→∞

1
N

N

∑
j=1

[
(p( j+n)− p( j))2 +(q( j+n)−q( j))2] (19)

The asymptotic growth rate K is determined via correlation or regression:

K = lim
n→∞

logM(n)
logn

(20)

For regular dynamics, M(n) grows slowly and K ≈ 0; for chaotic dynamics, M(n) grows linearly and K ≈ 1.
In this study, we used multiple c values (π/5,π/4,π/3,π/2,2π/3) and reported the median K value for robust-
ness. Classification thresholds are set as K ≤ 0.2: Regular dynamics, 0.2 < K ≤ 0.5: weak chaos (intermittent
behavior), 0.5 < K ≤ 0.8: moderate chaos, K > 0.8: Strong chaos (deterministic chaos).

For the rubella SVEIR model analyzed here, the 0-1 chaos test is applied to each compartment’s steady-
state time series. The results are summarized in Figures given below. The 0-1 chaos test revealed that the
rubella SVEIR model exhibits compartment-dependent dynamical behavior. All the compartments showed the
regular behaviour (K = 0). Biologically, the absence of chaos in rubella transmission dynamics has significant
epidemiological implications. Absence of chaotic dynamics indicate that the disease incidence exhibits regular.
This means traditional forecasting methods will work. Regular dynamics imply that well-designed intervention
strategies (e.g., pulse vaccination) can control disease and as a result, the disease can be eliminated very soon in
the future.
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(a) Bar chart showing K values for all five com-
partments with classification thresholds.

(b) p-q plots for all five compartments from the 0-1 chaos test. Reg-
ular dynamics produce bounded trajectories.

(c) Scatter plot showing the K value for each compart-
ment.

(d) Line plot of K values across compartments with
threshold lines for classification.

Figure 3: Plots showing that all compartments of the suggested model show bounded behaviour.

3.11. Statistical analysis
To quantify the long-term behaviour of the rubella transmission model, a statistical analysis is performed

on the steady-state dynamics of each compartment. After discarding the initial transient, the last 500 weeks are
treated as stationary data. For all compartments, we compute mean, median, mode, standard deviation, variance,
range, interquartile range (IQR), coefficient of variation, skewness and kurtosis. The results are visualised in Fig-
ures 4a–4e, each showing the histogram, boxplot and Q-Q plot against the normal distribution. Figure 4a presents
the statistical analysis for susceptible humans. The plot illustrates that the histogram is slightly left-skewed and
platykurtic, indicating a flatter distribution than normal. The boxplot shows a compact interquartile range and
few outliers. The Q-Q plot reveals deviations from normality, especially in the lower tail, reflecting the effect
of infection events that deplete the susceptible pool. Figure 4b depicts the statistical analysis for vaccinated
humans. Vaccinated individuals accumulate over time, reaching a mean but with very high dispersion, a conse-
quence of the interplay between vaccination rate and natural death. The distribution is right-skewed and slightly
leptokurtic. The boxplot exhibits a wide IQR and many outliers, indicating that vaccination coverage can vary
substantially depending on the timing of outbreaks. The Q-Q plot confirms non-normality. Figure 4c reflecting
the statistical analysis for exposed humans. Nearly all values are zero, reflecting rapid progression to infectious
stage. The histogram shows a strong positive skew and extreme kurtosis, indicating rare, brief exposures. The
exposed population is extremely low because the latent period of rubella is short. The distribution is strongly
right-skewed and highly leptokurtic, reflecting rare, brief spikes in exposure. The boxplot collapses to zero, and
the Q-Q plot shows heavy tails typical for a rarely occupied compartment. Figure 4d presents the statistical
analysis for infected humans. The infectious population remains near zero with occasional small outbreaks. The
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skewness and kurtosis are almost identical to those of exposed humans, confirming that the infectious period is
too short to allow accumulation. The Q-Q plot again shows extreme tail behaviour, characteristic of sub-critical
epidemic dynamics. Figure 4e reveals the statistical analysis for recovered humans. Recovered individuals ac-
cumulate to a steady mean, with low dispersion. The distribution is slightly left-skewed and platykurtic . The
boxplot shows a narrow IQR, and the Q-Q plot follows the normal line reasonably well in the central region,
though the tails deviate. This indicates that the recovery process is relatively stable once the system reaches
equilibrium.

The statistical analysis confirms the infection remains endemic but at a very low level, with most individuals
either vaccinated or recovered. The high variability of the vaccinated compartment underscores the importance
of continuous vaccination coverage, while the near-zero exposed and infectious compartments reflect the short
timescales of the disease progression.

(a) Statistical analysis for susceptible
humans.

(b) Statistical analysis for vaccinated hu-
mans.

(c) Statistical analysis for exposed hu-
mans.

(d) Statistical analysis for infected hu-
mans.

(e) Statistical analysis for recovered hu-
mans.

Figure 4: Statistical analysis for all compartments of the model.

3.12. Impact of parameters
To understand how variations in key epidemiological parameters affect each compartment of the Rubella

SVEIR model, a comprehensive 3D parameter analysis is performed. For each compartment, two parameters
were simultaneously varied over biologically realistic ranges while keeping all other parameters fixed at base-
line values. The resulting 3D bar plots visualize the population responses, providing insights into parameter
sensitivity and control strategies.
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Figure 5a shows that increasing the transmission rate β leads to a decrease in susceptible population because
more individuals become infected and leave the susceptible class. This figure also demonstrates that increasing
the vaccination rate φ similarly reduces the susceptible population as more individuals are vaccinated and move
to the V compartment. The lowest susceptible population occurs when both β and φ are high, indicating that
rubella transmission is maximally suppressed under high vaccination coverage even with high transmission rates.
Biologically, this confirms that vaccination is an effective control measure: even at moderate transmission rates,
increasing φ reduces S. Figure 5b shows that increasing the vaccination rate φ dramatically increases the vacci-
nated population, which is expected as more susceptible individuals receive vaccination. The plot demonstrates
that the natural death rate µ has a relatively weaker effect on V compared to φ . Higher µ slightly reduces the
vaccinated population due to increased mortality. The maximum vaccinated population is achieved at high φ

and low µ , indicating that vaccination campaigns are most effective in populations with lower mortality rates.
Biologically, the plot reveals that vaccination coverage is the primary driver of V, while natural death rate plays a
secondary role, suggesting that public health efforts should focus on increasing vaccine uptake rather than reduc-
ing mortality. Figure 5c demonstrates that increasing the progression rate α decreases the exposed population
because exposed individuals progress to the infectious stage more rapidly. The highest peak of exposed indi-
viduals occurs at high β and low α (< 0.4), representing a situation where rubella spreads easily but has a long
latent period. Biologically, the plot indicates that the latent period of rubella is already near the optimal range
where exposed populations are moderately controlled. Reducing the latent period would further decrease E, but
this is biologically constrained. Figure 5d shows that increasing the transmission rate β drastically increases the
peak infectious population. The plot demonstrates that increasing the recovery rate γ significantly reduces the
peak infectious population because infected individuals recover faster, shortening the infectious period. The in-
teraction effect in this figure is striking at low β , the infectious population remains low regardless of γ . However,
at high β , increasing γ reduces I, showing that treatment and rapid recovery are critical control measures during
high-transmission scenarios. Biologically, this plot provides the most important public health insight: for rubella
control, reducing transmission (via isolation, hygiene, or vaccination) and increasing recovery (via supportive
care) act to lower peak infectious cases. The red plateau at high β and low γ represents the worst-case outbreak
scenario. Figure 5e shows that increasing the recovery rate γ increases the recovered population as more infected
individuals successfully recover and gain lifelong immunity. The plot demonstrates that increasing the death rate
µ decreases the recovered population because individuals die before reaching the recovered compartment. The
maximum recovered population occurs at high γ and low µ , representing a scenario where rubella infection leads
to high survival and immunity. Biologically, this figure confirms that rubella’s lifelong immunity is a key feature:
once individuals recover, they remain in the R compartment indefinitely unless death occurs. This explains why
rubella elimination is achievable with high vaccination coverage.

4. Newton polynomial based numerical scheme

In this part, we aim to provide the numerical scheme based on Newton polynomials for both FFM and ABC
operators. The Newton polynomial based schemes are more accurate than those based on Lagrange interpolation
(e.g. Adams-Bashforth) because they use higher-order interpolation and better capture the memory effects inher-
ent in fractional operators. These schemes have been successfully applied to several infectious disease models
[35, 36].

4.1. Numerical scheme for system with FFM operator
For the rubella SVEIR model we consider the FFM formulation:

FFMDτ,ξ
0,t S(t) = Λ− (β I +µ +φ)S,

FFMDτ,ξ
0,t V (t) = φS− (βvI +µ)V,

FFMDτ,ξ
0,t E(t) = (βS+βvV )I − (α +µ)E,

FFMDτ,ξ
0,t I(t) = αE − (γ +µ +δ )I,

FFMDτ,ξ
0,t R(t) = γI −µR,

where FFMDτ,ξ
0,t denotes the Caputo-type fractal-fractional derivative of order τ and fractal dimension ξ . For

compactness we write
FFMDτ,ξ

0,t U(t) = D(t,U(t)), U = (S,V,E, I,R).
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(a) Impact of vaccination and transmission
rate on susceptible compartment

(b) Impact of vaccination and natural mor-
tality rate on vaccinated humans compart-
ment

(c) Impact of transmission rate and
progression rate on exposed humans
compartment.

(d) Impact of transmission rate and
recovery rate on infectious humans
compartment.

(e) Impact of recovery rate and nat-
ural mortality rate on recovered hu-
mans compartment

Figure 5: 3D parameter impact analysis for all compartments of the Rubella SVEIR model. Each subfigure
shows how varying two key parameters affects the compartment population.

Using the integral reformulation of the FFM derivative and the Newton polynomial interpolation of D(t,U(t))
on three successive points, we obtain the following discrete scheme for any compartment (here shown for S):

Sn+1 = S(0)+
(1− τ)

AB(τ)
t1−ξ
n DS(tn,Un)+

τ(∆t)τ

AB(τ)Γ(τ +1)

n

∑
q=2

DS(tq−2,Uq−2) t1−ξ

q−2 A1(n,q)

+
τ(∆t)τ

AB(τ)Γ(τ +2)

n

∑
q=2

1
∆t

[
t1−ξ

q−1 DS(tq−1,Uq−1)− t1−ξ

q−2 DS(tq−2,Uq−2)
]

A2(n,q)

+
τ(∆t)τ

AB(τ)Γ(τ +3)

n

∑
q=2

1
∆t2

[
t1−ξ
q DS(tq,Uq)−2t1−ξ

q−1 DS(tq−1,Uq−1)+ t1−ξ

q−2 DS(tq−2,Uq−2)
]

A3(n,q),

where the coefficients are

A1(n,q) = (n−q+1)τ − (n−q)τ ,

A2(n,q) = (n−q+1)τ(n−q+3+2τ)− (n−q)τ(n−q+3+3τ),

A3(n,q) = (n−q+1)τ
[
2(n−q)2 +(3τ +10)(n−q)+2τ

2 +9τ +12
]

− (n−q)τ
[
2(n−q)2 +(5τ +10)(n−q)+6τ

2 +18τ +12
]
.

Identical formulas hold for the other compartments V,E, I,R by replacing DS with DV ,DE ,DI,DR.
The rubella model with the Atangana-Baleanu-Caputo (ABC) derivative of order β is

ABC
0 Dβ

t S = Λ− (β I +µ +φ)S,
ABC
0 Dβ

t V = φS− (βvI +µ)V,
ABC
0 Dβ

t E = (βS+βvV )I − (α +µ)E,
ABC
0 Dβ

t I = αE − (γ +µ +δ )I,
ABC
0 Dβ

t R = γI −µR.
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Using the same Newton polynomial approach (two-step Lagrange interpolation) we obtain the discrete
scheme for S:

Sn+1 = S(0)+
1−β

ABC(β )

[
Λ− (β In +µ +φ)Sn

]
+

β

ABC(β )

n

∑
j=0

[
hβ

Γ(β +2)

(
(n− j+1)β (n− j+2+β )− (n− j)β (n− j+2+2β )

)
×
(
Λ− (β I j +µ +φ)S j

)
− hβ

Γ(β +2)

(
(n− j+1)β+1 − (n− j)β (n− j+1+β )

)
×
(
Λ− (β I j−1 +µ +φ)S j−1

)]
.

Analogous expressions hold for the other compartments. Here h is the time step, tn = nh, and ABC(β ) =

1−β + β

Γ(β ) is the normalisation function.

5. Numerical simulation

By focusing upon the influence of fractional derivatives on the dynamics of disease, the non- linear epidemic
model of the Rubella disease is analyzed in this part. With the aim of gaining the numerical solutions, ABC and
FFM operators are utilized which show as a deep understanding that by varying the fractional order also varies
the behaviour of the system. The initial conditions are given S(0) = 20,E(0) = 10,I(0) = 8,R(0) = 5,V(0) = 3. and
parameters values are listed in Table 1. The ABC derivative introduces memory effects into each compartment:
The fractional order controls how quickly changes in infection rates affect susceptibility. For fractional order less
than 1, the compartment exhibits memory, meaning past exposure history influences current susceptibility levels.
Vaccination effects persist longer under fractional dynamics. The Mittag-Leffler kernel allows for power-law
decay of vaccine protection rather than exponential decay. The latent period distribution becomes heavy-tailed,
capturing the heterogeneity in incubation periods across individuals. The infectious period follows a stretched
exponential distribution, better representing real rubella infectiousness profiles. Lifelong immunity is maintained
through the memory effect, but waning immunity would follow a power-law pattern.

The fractal-fractional operator adds an additional fractal dimension that captures the self-similar nature of
disease spread: Fractal dimension represents the heterogeneity of the contact network. Fractal dimension one
corresponds to classical mixing, while less than one indicates sub-diffusion and greater than 1 indicates super-
diffusion. The fractal derivative of susceptible humans modulates the rate at which individuals become exposed.
Lower fractal dimension slows down the initial spread, mimicking spatially clustered populations. The fractal
dimension affects how quickly vaccination campaigns reach susceptible individuals. For fractal dimension less
than 1, vaccination campaigns have prolonged but less intense effects. The exposed and infected humans are
most sensitive to fractal dimension because transmission depends on contact patterns. Super-diffusive spread
leads to faster outbreaks with higher peaks, while sub-diffusive spread leads to flatter, prolonged epidemics. The
fractal dimension affects the accumulation of immunity in the population, with fractal dimension less than 1
leading to slower saturation.

For short-term dynamics, under ABC operator, initial growth is slower than integer-order due to memory.
The peak time is delayed, and the peak magnitude is reduced. For FFM operator, initial growth depends strongly
on fractal dimension. For fractal dimension smaller than 1, growth is even slower than ABC, while for fractal
dimension greater than 1, growth can be faster than integer-order. For medium-term dynamics, under ABC op-
erator, oscillations are damped, and the system converges to endemic equilibrium faster than integer-order. For
FFM operator, the fractal dimension can induce sustained oscillations or chaos. For certain fractal values, the
system may never settle to equilibrium. For long-term dynamics, under ABC operator, steady-state values are
similar to integer-order but reached via a different transient path. Under FFM operator, steady-state may differ
significantly from integer-order, especially when fractal dimension is away from 1. The susceptible humans de-
cay initially due to vaccination, transmission and natural death rate but this decay under ABC operator is slower
than integer-order operator, while the decay under FFM depends on fractal dimension. If fractal dimension is
less than 1, initial decay is faster than ABC. If fractal dimension is greater than 1, initial decay is slower than
ABC. The shape of the susceptible curve decay exponentially under ABC operator, while for FFM operator, the
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curve depends on fractal dimension. The susceptible humans time to reach 50 % of initial is delayed as compared
to integer order, while for FFM operator, time is earlier than ABC operator if fractal dimension is less than 1 and
later than ABC operator, if fractal dimension is greater than 1. Memory slows down susceptibility loss., while
fractal scaling changes the rate at which people become exposed based on contact network heterogeneity.

The vaccinated humans grow initially. This growth is smooth under ABC operator. For FFM operator, for
fractal dimension less than 1, vaccinated humans quickly increase initially, while for fractal dimension greater
than 1, slower initial increase. Under ABC operator, the vaccinated humans increase first and then decline to ap-
proach equilibrium position. Under FFM operator, vaccinated humans may exhibit multiple oscillations if fractal
dimension is far from 1. Vaccine waning effect under ABC operator follows power-law via Mittag-Leffler. For
fractal dimension less than 1, waning appears faster initially but slower later. Memory mimics slow decay of vac-
cine protection. Fractal scaling captures heterogeneous vaccine coverage across different population subgroups.
The peak height of exposed humans is lower than integer order operator. The exposed humans under FFM oper-
ator are highly sensitive to fractal dimension. Fractal dimension less than 1 gives higher peak. Fractal dimension
greater than 1 gives lower peak. The exposed humans experience delay behaviour as compared to integer-order.
For FFM operator, exposed humans are earlier than ABC if fractal dimension is less than 1 and later than ABC
if fractal dimension is greater than 1. Duration of exposed pool is longer due to memory. For FFM operator,
tail behavior is controlled by both fractional order and fractal dimension. Memory captures variation in rubella
incubation period. Fractal scaling captures age-structured exposure patterns. The peak infectious under ABC op-
erator is lower than integer-order. Under FFM operator, peak infectious can be higher or lower than ABC. Fractal
dimension is less than 1 gives peak infectious higher than ABC, while fractal dimension larger than 1 gives peak
infectious lower than ABC. Peak time under ABC are delayed by weeks to months. Under FFM operator, for
small fractal dimension, peak occurs earlier than ABC. For fractal dimension greater than 1, peak occurs later
than ABC. Epidemic duration under ABC operator is longer than integer-order. For fractal dimension smaller
than 1, epidemic duration is even longer than ABC. For fractal dimension greater than 1, epidemic duration is
shorter than ABC. Under ABC operator, oscillations after peak are damped and system reaches endemic equi-
librium. Under FFM operator, may exhibit sustained oscillations for certain fractal dimensions. Under ABC
operator, Second outbreak is unlikely unless new susceptible enter. Under FFM operator, Second outbreak is
possible due to fractal scaling. Memory explains why rubella outbreaks have long tails. Fractal scaling explains
why rubella outbreaks vary dramatically between rural and urban settings. For recovered humans, saturation
rate is slower than integer-order under ABC operator. Memory delays accumulation of immunity. For fractal
dimension less than 1, faster initial saturation. For fractal dimension greater than 1, slower initial saturation
occurs under FFM operator. The recovered humans exhibit symmetric S-shaped curve. Under FFM operator,
fractal dimension less than 1 gives rapid rise, while fractal dimension greater than 1 gives slow rise then rapid.

This difference is due to the reason that ABC only captures temporal memory. Some people develop symp-
toms in 12 days, others in 21 days. ABC spreads this out. Protection doesn’t disappear suddenly but fades
slowly. ABC models this. FFM adds spatial/fractal heterogeneity. Rubella spreads differently in schools (frac-
tal dimension greater than 1, super-diffusion) vs. households (fractal dimension greater than 1, sub-diffusion).
Vaccination campaigns reach urban areas faster than rural areas, fractal scaling captures this delay. Some com-
munities become immune early, others remain susceptible, FFM allows this clustering.
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(a) Behaviour of susceptible humans under fractal frac-
tional operator with dimension 1.
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(b) Behaviour of susceptible humans under fractal frac-
tional operator with dimension 0.5.

Figure 6: Solutions of susceptible humans under FFM operator at different fractional orders.
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(a) Behaviour of exposed humans under fractal frac-
tional operator with dimension 1.
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(b) Behaviour of exposed humans under fractal frac-
tional operator with dimension 0.5

Figure 7: Solutions of exposed humans under FFM operator at different fractional orders.
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(a) Behaviour of infected humans under fractal frac-
tional operator with dimension 1.
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(b) Behaviour of infected humans under fractal frac-
tional operator with dimension 0.5

Figure 8: Solutions of infected humans under FFM operator at different fractional orders.
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(a) Behaviour of recovered humans under fractal frac-
tional operator with dimension 1.
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(b) Behaviour of recovered humans under fractal frac-
tional operator with dimension 0.5.

Figure 9: Solutions of recovered humans under FFM operator at different fractional orders.
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(a) Behaviour of vaccinated humans under fractal frac-
tional operator with dimension 1.
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(b) Behaviour of vaccinated humans under fractal frac-
tional operator with dimension 0.5.

Figure 10: Solutions of vaccinated humans under FFM operator at different fractional orders.
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(a) Behaviour of susceptible humans under ABC oper-
ator with dimension 1
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(b) Behaviour of susceptible humans under ABC oper-
ator with dimension 0.5

Figure 11: Solutions of susceptible humans under ABC operator at different fractional orders.
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(a) Behaviour of exposed humans under ABC operator
with dimension 1
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(b) Behaviour of exposed humans under ABC operator
with dimension 0.5

Figure 12: Solutions of exposed humans under ABC operator at different fractional orders.
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(a) Behaviour of infected humans under ABC operator
with dimension 1.
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(b) Behaviour of infected humans under ABC operator
with dimension 0.5

Figure 13: Solutions of infected humans under ABC operator at different fractional orders.
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(a) Recovered humans under ABC operator wit dimen-
sion 1
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(b) Recovered humans under ABC operator with di-
mension 0.5

Figure 14: Solutions of recovered humans under ABC operator at different fractional orders.
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(a) Behaviour of vaccinated humans under ABC opera-
tor with dimension 1
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(b) Behaviour of vaccinated humans under ABC oper-
ator with dimension 0.5

Figure 15: Solutions of vaccinated humans under ABC operator at different fractional orders.

6. Conclusion

In this study, we have applied the FFM and ABC operators under different fractional orders and fractal di-
mensions to examine the Rubella model’s dynamics offering a deeper understanding of its spread and control
under various mathematical conditions. We have verified the presence of a single, positive and bounded solution,
providing a mathematical foundation. We have derived the equilibrium points, computed the reproduction num-
ber R0 and verified the local and global stability of the equilibrium points. We also have proved the existence of
a transcritical bifurcation at R0 = 1 using center manifold theory. This analysis provides a rigorous mathematical
foundation for rubella elimination strategies, showing that vaccination coverage sufficient to maintain R0 < 1 is
necessary and sufficient for disease eradication. The impact of parameters on compartments shows that sustained
vaccination coverage of at least 95% for a minimum of one dose of a rubella-containing vaccine at all levels is
recommended to achieve elimination. The chaos 0-1 test shows that model experiences bounded behaviour. The
statistical analysis for all compartments has verified the bounded behaviour of all compartments. To approxi-
mate the solution, the Newton polynomial based numerical scheme has been constructed. We also have provided
comparison of solutions under both operators to verify the reliability of the solution. The analysis confirms that
rubella elimination requires R0 < 1, achievable through vaccination coverage exceeding 1− 1/R0. The ABC
and FFM fractional operators provide powerful mathematical frameworks for modeling rubella transmission dy-
namics. The ABC operator captures memory effects through the Mittag-Leffler kernel, while the FFM operator
additionally accounts for fractal scaling in contact networks. Both operators represent significant improvements
over classical integer-order models and provide more accurate representations of real rubella outbreak patterns.

The sensitivity analysis shows that infectious compartment is the most sensitive to parameter variations.
Also the transmission rate β is the most influential parameter, strongly affecting S, E, and I compartments, while
having only indirect effects on V and R. The analysis communicates that vaccination primarily affects S and
V, while recovery primarily affects I and R, and progression primarily affects E. So the most effective way to
reduce peak infectious cases is to simultaneously increase vaccination coverage and improve case management.
The vaccination campaigns should target populations with high recruitment rates to maintain high V levels over
time. The latent period of rubella provides a natural window for contact tracing and quarantine before individuals
become infectious. The sensitivity analysis confirms that transmission control (β reduction via hygiene, masks,
distancing) and vaccination are the two most impact-ful interventions for rubella elimination.

The model assumes homogeneous mixing, which may oversimplify real-world contact patterns. Parameter
values are taken from literature and may not capture local epidemiological heterogeneity. The fractional and
fractal-fractional operators introduce additional complexity, and their biological interpretation remains partially
exploratory. Data on rubella incidence are often under-reported, especially in low-income regions, which could
affect model validation. In future, one can incorporate age-structured compartments to better capture rubella
dynamics in children and pregnant women. Use spatially explicit models to account for regional differences
in vaccination coverage. Apply the fractional framework to other vaccine-preventable diseases (e.g., measles,
mumps) for comparative studies. Develop real-time forecasting tools using the FFM formulation combined with
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machine learning for outbreak prediction. Explore optimal control strategies (e.g., time-dependent vaccination)
under fractional dynamics.
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