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Abstract: This paper introduces a novel framework for functional quantum calculus based on
generalized q(t) and h(t) calculi, with applications to geometric function theory and special
functions. We define q(t) — exponential, Gamma, Beta functions, hypergeometric series,
Hermite polynomials, and starlike/convex functions, along with formulating q(t)- and h(t)-
differential equations. Key contributions include establishing the relation between h(t)- and q(t)
— derivatives and the fundamental theorem of h(t) — calculus. We also prove orthogonality for
q(t) — Hermite polynomials and provide numerical examples.
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1. Intorduction

The g-calculus, often termed 'calculus without limits,' provides a discrete framework
generalizing classical calculus through the parameter ‘q’. Recently, [12] expanded this theory by
combining a time-dependent variable, introducing q(t)-calculus as a functional analogue of
traditional q —calculus. This dynamic extension enables the modelling of temporally evolving
systems, bridging discrete calculus with time-sensitive phenomena. Complementarily, [12] has
investigated algebraic and number-theoretic properties of q -calculus.

As we know, the Quantum Calculus and special function [9, 14] plays a central role
in mathematical and applied analysis as they are the solutions of differential equations, integral
equations as well as variety of problems in physics. The Functional Quantum Calculus [12]

provides even broader functional framework that unifies these generalized derivatives and
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integral operators under operator — theoretic perspectives. This approach not only enriches the
theory of quantum special functions but also bridges operator theory, functional analysis and
quantum group theory. Now, within Geometric Function Theory [15] the branch of complex
analysis concerned with analytic and univalent functions. In recent developments [12],
Functional Quantum Calculus will definitely provide a functional analytic foundation for
developing the same.

This paper advances the theoretical framework of q(t) - calculus and h(t) — calculus
by establishing novel properties and demonstrating their applications across multiple
mathematical domains. In Section 2, we place a foundation for q(t) - calculus and h(t) -
calculus, introducing essential definitions.

Section 3 presents theoretical advancements in three key areas which include
differential equations, special functions, and geometric function theory, highlighting how these
calculi enrich classical results. Section 4 further demonstrates the utility of these frameworks
through concrete applications in the same domains. The paper concludes with a synthesis of the
findings and references for further study.

Combining all these section one can say that, this paper develops a novel unified
framework extending quantum calculus through generalized q(t) and h(t) calculi, bridging the
gap between abstract theory and geometric function theory. The key novelty lies in introducing
new function classes—including q(t)-starlike/convex functions, q(t)-hypergeometric series, and
q(t) —Hermite polynomials—while establishing for the first time the fundamental relationship
between h(t) — and q(t)-derivatives. We prove the non — empty intersection Q and H,
formulate q(t) —differential equations, and establish the fundamental theorem of h(t)-calculus.

Orthogonality properties and numerical examples validate our theoretical contributions.

2. Preliminaries:
In this section, we briefly present some basic definitions and properties of
q(t) — calculus and h(t) — calculus. For more details see [2, 9, 12].
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Definition 2.1: (¢ — derivative) Given an arbitrary function f(x) then its q(t) — derivative is
denoted by D, f (x) and is given by [9]
_ fl@x)-fx) _ fl@x)-fx)

Definition 2.2: (Functional analogue of q(t)— derivative) Given an arbitrary function f(x)
then it’s q(t) — derivative is denoted by D1 f (x) and is given by [12],
_ fla@®x)-fx) _ fa®x)-fx)
Do/ (D) = o = o @
where, Q = {q(t) | q(t) > 1ast—>0,t € R}
The above set is non — empty i. e. Q # @ and are well defined. e.g., If q(t) =

1+t,t € Rthengq(t) € Q.

Definition 2.3: (Functional analogue of h(t)— derivative) Given an arbitrary function f(x)
then its h(t) — derivative is denoted by Dy, f (x) and is given by [12],

Fx+h(@®)-f(x)
Dpyf(x) = %, 3)

where, H = { h(t) | h(t) > 0ast > 0,t € R}
The above set is non — empty i.e. H # @ and are well defined.e.g., If h(t) =t, t €
R then h(t) € H. Here onwards throughout the remaining part, g(t) € Q and h(t) € H.

Definition 2.4: (Functional analogue of h(t) — Integral) Given any arbitrary function f (x)
defined over [a, b] then its h(t) — integral is defined using [9, 12],

2 F (O dpeyx = Limh(t) $RZ3 f (a + k- h(t), whereb = a+nh(t) (4)

Definition 2.5: (q(t) — analogue of n) Given any positive integer 7’ then its q(t) — analogue is
denoted by [n], ;) and given by [12],

[nla = “’;fﬁ}ff =1+q(t)+ [q®O] + -+ [qO]* 5)

Definition 2.6: ( (t) — analogue of n!) Given any positive integer %’ then its q(t) — analogue is
denoted by [n!], ;) and given by [12],
Mgy = Mgy X [n = gy X X [Blgy X [21qey X [Uqee
So, depending upon the choice of q(t). The value of [n!],, ) and [n!]4, ¢ varies. In
other words, if g;(t) —» 1 as t = 0 much faster than q,(t) » 1 ast — 0.
Then [n!]4, ) and [n!]4, r) tends much faster than to the value of n! as t — 0.

Definition 2.7: ( q(t)- shifting operator) The q(t) — shifting operator [12, 16] defined as
Dap(m) = q(®m+ (1 —q))a (6)

((Dg(t)(m)x)_f(x) (7)

(CIDZ(t)(m)—l)x

f
where, D‘Dg(t)(m) flx) =

From the definition (4) and (5) one can easily see that,
D Do f () = Dingeer f (1)-

2) Dog @ f(x) = Daf (x) fora>0.
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3) D‘D%)(m)f(x) =D, f(x) form > 0.
4) ®gy(m) - ady(m)ast - 0.
The definition (6) satisfies the property that;
(D?h(t)+q2(t) (m) = {q.() + g2 (OIm + (1 — {q1(£) + q2()}Da
= Qg )+q,00 M) = {q1(®)Im + {g()}Im + (1—q(®)a+ 1 —-q:(t)a
= Og, (0+g,(0 (M) = P, (M) + P,y (M)
Which means, the operator CIDS(O (m) is a linear operator

3. Theoretical Advancement:

Definition 3.1: ( q(t) - exponential function) The q(t) — exponential function is given in terms
of Hypergeometric function using [9],

[oe)
n

Z
e z=Z—= 55q(t), (1 —q(t))z
q(t)( ) Z [n]q(t)! 0do(Gsq ( q(t))z)
Here, 0 < q(t) < 1 and q(7) € Q.

Definition 3.2: ( g(t) - Gamma) The q(t) — Gamma function is defined using [9],

T (x) = (q(7);q(7)) oo = [q(T)]n(x—l)
q(7) (1 - Q(T))x—l L (C[(T); Q(T))n ’

Via q(t) — integral it is given by,

Tq(x) = j 7 Eqy (—D dgot
0
Here, E;(1)(2) is the q(7) — exponential function and 0 < g(7) < 1and q(7) € Q.

Definition 3.3: ( g(z) -Beta Functions) The q(7) — Beta function is defined using [9],

Fq (1) (x) I‘q () (y )
1—‘q(‘L') (x + y)

Bq(r)(x: Y) =

Via q(7) — integral it is given by:

1

_ -1
By (6,y) = fo (1= 077 dgeot

Here, (1 — t)gal) is the q(7) — binomial expansion and 0 < q(t) < 1 and q(tr) € Q.

Definition 3.4: ( q(t) - Hypergeometric series) The q(t) — Hypergeometric series is defined
using [9],
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e (20 4 (),2) = S (214 @ 4@)a [(-D [a@)] )]
R (TG IR CRT T ) M CTG I TGO

Here, (2;q(7))n = [Thzo(1 — a[q(0)]¥), (@ q(r))o = 1 and [q(7)]¥ is the k™ power of
q(t) and 0 < q(7) < 1 with and q(7) € Q.

Definition 3.5: ( q(t) - Hermite polynomials) The q(t) — Hermite polynomials H, (x; q(t))
are defined by the generating function using [9] as,
Il

ZH x; q(r))[] = exPq(n (2xT — 12)
q(t

Here, expg(r)(2) is the q(‘t) — exponential functlon and 0 < q(t) < 1andq(t) €Q.

Definition 3.6: (Class of Analytic functions) Let D = {z € C: |z| < 1} be the unit disk. Let A
be the class of analytic functions in D normalized by,

f(2) =z+a,z* + azz® + -
Then for f € A with Dy, f(0) = f'(0) =1
Dyinf(2) = 1+ X3 s[nlgpyanz™
Definition 3.7: ( q(t) - Starlike Function) A function f € A is said to be q(t) — starlike if

zDq it f (2)
Re. <—f O

We denote the class of q(t) — starlike functions by g 4.

>>0, z € D.

Definition 3.: ( q(t) — Convex Function) A function f € A is said to be q(t) — convex if
Re <Dq(t) (zDg it f (2))

Dy (2)
We denote the class of q(t) — convex functions by K ).

>>0, z €D.

Definition 3.9: (q(t) — Differentiable function) A function f(x) is said to be q(t) —
differentiable n — times if its n q(t) — derivative exist but not (n+1)™" differentiable.

Definition 3.10: (q(t) - Differential Equation) Given a function f(x) then it’s
thorder linear q(t) — Differential Equation is given by,

F(x, £ (), Daeyf, Dgcy fo -+ Doy f) = 0
Where

> f(x)is n—times q(t) -differentiable functions and D) f(x) = fan) -/

(@®-Dx
Along with I.C., f(O) = Co, Dq(t)f(O) = Cl . q(t)f(()) = CTl 1

Definition 3.11: (h(t) — Differentiable function) A function f(x) is said to be h(t) —
differentiable n — times if its n h(t) — derivative exist but not (n+1)™ differentiable.
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Definition 3.12: (h(t) - Differential Equation) Given a function f(x) then it’s
nt"order linear h(t) — Differential equation is given by,

F(x, £ (), Daey f2 Diveyfo s Dheey f) = 0

where,
> f(x)is n— times h(t)-differentiable functions and Dy f(x) = W

> Along with I.C., £(0) = Co, Dp)f(0) = Cy ..., Dipy f(0) = Cpy

Theorem 3.1 : Given any function f(x) with Dy f(x) and Dy f(x) are the h(t) —

derivative and q(t) — derivative of f(x) then the derivatives are related through the exponential
change of variables [9],

q(t) = e"® < h(t) =In(q(t))

and

x = e* along with f(x) = g(u)
Proof:
Step I] Given a function f(x) its q(t) — derivative is given by
" £a(00) - f)
Pa0 /) = =0~
Substitute x = e¥, f(x) = g(u), and q(t) = e"®

Step II]
gu+Ing(®)) —gw) gu+h()—gw
(eh® — 1)en T (eh® —1)eu

Dgiryf(x) =

Step III] Now h(t) — derivative of g(u) is given by

h —
Dot = S KD =g

Step IV] From the equations in Step [I1] and Step [I11]
_ g(u+h(®)—gm) h(t)
DQ(t)f(X) - (eh(® — 1)eu %

_ h(®) Dpngw)
= D) = Gmg —

Thus

k() Dppyg)
Dyt flx) = eh(D_1

X

Theorem 3.2: There does not exist any function f(x) such that, D) f (x) = D) f (x) unless

and until q(t) and h(t) are related by the relation q(t) = 1 + %t) for x, # 0 along with f(x) is
0

linear or exponential with specific parameter constraints [9].
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Proof:

CaseI] f(x) =y = mx + c then
fOc+h(®))-f(x) _ m(x+h(t))+c—(mx+c)

Dpeey f(x) = e "
+mh(t)+c— + h(t
= Dpif(x) = mx+m (fz(t; (mx+e) _ ";(i)) _ - (32.1)
_ fl@®)x)—-f(x) _ mq(t)x+c—(mx+c)
Pawf ) =" =~ @one
_ mq(®)x+c—(mx+c) _ m(q(&)-Dx _
= Do/ ) = —Cox  ~ @o-oxr =™ —(3:2.2)

From equation (3.2.1) and (3.2.2)
Dypyf(x) = Dgiryf(x), Vq(t) €Q, Vh(t) EH

Case II] f(x) = e®* where k is any constant, then by definition
ekq(t)x_ekx ek(x+h(t))_ekx

D — d D _ _ kx ekrO_q
af () =" ad Daef () =——mg——=¢" =35
Now if we equate LHS of both sides, we get

Dge)f (x) = Dy f (x)

ekq(t)x _ ekx i ek,h(t) -1 ekx(q(t)—l) -1 ekh(t) -1

& ——————= e = =
(q(t) — Dx h(t) (q(®) —Dx h(t)
by cancelling e** from both sides as it is non — zero term

For this to hold for all x, we must have:

h(t) 1
k() —Dx=kh(t) = qt)—1= " where x, £ 7 (k+0)
0

GV

Thus for f(x) = e*¥, equality holds if and only if g(t) =1+ 0=1

)
X0

Theorem 3.3 (Fundamental Theorem of h(t) — Calculus): If F(x) is an
antiderivative of f(x) under the h(t) - derivative Dy ), meaningDp ) F(x) = f(x), and if the
limit limg_, 4 F (s) exists, then for 0 < a < b [9],

I2 £ ($)dnays = [ Dpey F(S)dngys = F(b) — F(a)
where 0 < h(t) < 1.

Proof:
Assume, Dy F(x) = f(x). By the definition of the h(t)-derivative:

F(x+h(t))—F(x)

&) === —-(3.3.1)

The h(t) — integral of f from a to b using the definition (IV),

b n-1
[ £ o = limh@ Y f (@ + e ko)
a k=0
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We substitute f(a + k - h(t)) in equation (A) and get,

F(a + kh(t)+h(t))— F(a+k.h(t)
= f(a+k-h()) = (a h(t)) @ )

Which gives, the relation between h(t) — integral of f (x) and definition (IV)

b n-1 3 .
f f dneeyx = lim h(t) Z Flat G+ Dh(’;l)()t) Fla+k-h®)
“ k=0
= lim » [F(a+ (k+ D)~ F(a+ k- h(®)]

As h(t) get cancelled.

b n-
= f f (x)dh(t)x = rlli_l)rgoZ[F(a + (k + Dh(t)) — F(a + k - h(1))]
a k=0

But, YhZ3[F(a+ (k+ 1)h(t)) — F(a+ k- h(t)]
= F(a+nh(t)) — F(a) = F(b) — F(a)

= ff f ) dp@yx = F(b) — F(a).

Theorem 3.4: The q(t) — derivative of q(t) — Hypergeometric function defined above is
given by [9],

q(t)zrd)s( b Q(t) Z)

_ a1 —a) (DT a;q(t), ..., arq(t) .
T (-b) T—q® T“’S(b1q<t)....,bsq(t>"’“)' ao)'+z)

where, q(t) > 1ast > 0and 0 < q(t) < 1.
Proof:
Let us consider, F(z) = (s ( b ;q(t), )

— [Ti=1(ai; g(©)n [(_1)n[q(t)](r21)]1+s—r
i(bpan  @©:q@)n

= F(2) = z A,z", where A,

Then q(t) — derivative term by term gives,

1-[q@®]"

Dyt F(2) = zAn [n]q(t)zn_l' where [n]qq) = 1—q(b)

Now,put n=m+1

Dq(t),zF(Z) = Z A1 [m + 1]q(t)Zm

m=0

Where
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(1= alg®]™ |
}q'=1( 1-b; [q(O]™) 1—[q)]™*!

Amys = Ay (=) T[T

_ 1-[q®))™m*?

Multiply by [m + 1] = on both sides of the equation, we get,

1-q(t)
_ L (1—a[g®)]™) (=DM Tg(e)]mats)
Amy[m+1]q0 = An Hjs=1( b O . =)
Using the identity:
iq(t); q(t))m
1= afgO]" = (- a) TS
We get

. _ . _\m (m) 1+s—r
CM(l—a) DY T (@q®:a @) [CD™a@])]
Amaalm+ oo =[5 T3y Toqn 19O o (ba (4@ @

_ Mie(-ap) (s

= Appa[m+ g = [[5-,(1-bj)  1-q(t) m

t), ..., arq(t B
Where B,, is the coefficient of ;¢ (61;138 Z th)); q(®), [ rz).
1 y ey Dg

i=(1—a) (=D a,q(t), .., arq(t) s
s (1-b) 1—q(t) 'r"bs(biq(t),...,bsq(t)'q“)' [a(®)] Z)

- Dq(t),ZF(Z) =

Theorem 3.5: The property for () — Gamma function is given by [11],

1—‘q(‘t') x+1)= [X]q(‘r) l—‘q €3) %)
Where 0 < q(t) < 1 for the convergence and existence of the integral.

Proof: We Know that,
Lw® = J; 7 E(-Ddimt= T +1) = [ *Eip(—t) dmt

We know that [9]

[1] Eq(r)(—t) =1,0<q(1) <1

[2] Eg(o(—0) = lim =0 0<a@<1
[3] Using q(t) integration by parts in [9]

We get,
o (x+ 1) = — f £ dyoy (Bygey (<1)

=[xy J, T Eqn(—q(DD) dyeot
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= 1-‘q('t) x+1)= [X]q(‘r) l—‘q () x)

Theorem 3.6: The q(t) — Hermite polynomials H,, (x; q(t)) satisfies the Orthogonality relation
given by [11],

f_ Hm (X; Q(T))Hn(X; Q(T))Wq(‘r) (X) dq(‘t)x = [n]q(‘t)! \/E(Smn

1

Where, wy ) (%) = = eq(T)(—xz) is the ¢(t) — Gaussian weight.
Proof:
Caselln=0

[ee) oo

loo :f Ho (x)*Wq(r) (0)dqqr) :f Wqry (X)dg(r) X

It is known from the theory of g-integrals that

o)

f eqr) (—x*)dgmy x = [0]gm VT
Case II] m £ n (mod 2)

The weight function wg)(x) is an even function and polynomials
satisfies H,(—x; q(t) ) = (—1)"H,,(x; q(7) ), so they have definite parity.
= H,,(x)H, (x) is even if m and n have the same parity, and odd otherwise.

Since the g(7) — integral over a symmetric interval of an odd function is zero, it
follows that:

j Hy () Hy 0OWo ey (1) gy X = 0

Case III] m = n (mod 2)
We will prove the result using induction on n, the q(7) - Hermite polynomials satisfies
the recurrence relation given by,
xH, = Hpyq + [n]q(r) Hy 4

= fXHmHan(T)dq(T)X = Im,n+1 + [n]q(-[)lm’n_l for any m --(3.6.1)
Similarly from the recurrence relation is given by,

XHp = Hpyq + [m]q(‘r) Hpyq
= fXHmHan(T)dq(T)X = 1m+1,n + [m]q(T)Im_l‘n for any n --(3.6.2)

From equation (3.6.1) and (3.6.2)
Lpn+r + [n]q(r)Im,n—l = Imyin + [m]q(r)Im—l,n --(3.6.3)
By the induction hypothesis, I}; = 0 for k # 1 with k,1 < n in equation (3.6.3) we get
[yn = 0 form # n.
Hence, from Case I] to Case III]
Ly, = 0 forallm # n.
CaseIVIm=n
We know that, q(t) — Hermite polynomials satisfies the recurrence relation given by
xHy = Hpyq + [n]q(r)Hn—l = Hpi1 = xH, — +[n]q(T)Hn—1
Squaring on both sides of the above equation gives;
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Hpp1 = (xHy =[]y Hno1)? = x*Hj, = 2[n] (o XHpHy g + [0 o Haoy-

q(7)

Multiply by w, ;) (x) both sides and integrate:

q(t)

Lnsint1 = JXPHawqmydgmyx — 2[n]q(r)foan—lwq(‘r)dq(T)x + [n]z(r)ln—l,n—l'
Now, apply the recurrence for H,_;:

xHp_1 = Hy + [n— 1] gy Hn-2,
We find
J xHpHy_1Woydgmx = Inn + [0 = g Inn-2z-

But I, ,_, = 0 by orthogonality, so:
J xHnHpoiwyydgX = Inn.

Similarly, using the recurrence for H,, we can express | xZHrzlwq(T)dq(T)x in terms of I, ,,
and I, 1.

Substituting back and simplifying gives:
Liyiner = [0+ 1]q(T)In,n'
Since, Iy, = V/m, it follows by induction that:
Inn = [y VI

Theorem 3.7: If f(z) € Sq(), then forn > 2:

n-2
=0 [n — 1]q(t)|

Where, f(z) = Yp1a, 2"

Proof:
Since f* € Sy, we have:

D‘jf(f—“;” =1+Y%,b,z" withRe.(1+ Y, b, z") > 0.

By Carathéodory's lemma: |b,| < 2
Now, from the series expansion,

ZDq(t)f(Z) =z+ Z;?:z[n]q(t)anzn andf(z) =zZ+ Z?f:z an z".

= (z + i[n]q(t)anzn> = (Z + i a, zn> (1 + i b, Z")
n=1

n=2 n=2
Equating coefficients:
e For Zz: [Z]q(t)az =da, + bl = bl = ([Z]q(t) - 1)612
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o FOI’ Z3: [3]q(t)a3 == a3 + a2b1 + bz

e Ingeneral: [n]gnan, = ap + @k by

Solving recursively and using|b; | < 2, we obtain the bound by induction.

bl __ 2 2 2
2lgy — U~ [Rlgn—1 14+q®)—-1 q@)

Assume the bound holds for k = 2, ...,n — 1. Then:

Inlgco - 1||an|<Z|an k||bk|<22|an -

k+1] +1
— |a I Hn 2[ q(t())

laz| =

n> 1.

4. Applications

Example 4.1: Can we have f(x) which is 1- times h(t)-differentiable but not 2- times?
Solution:

For any function f: R — R and any fixed h(t) # 0, the second h(t)-derivative exists
everywhere. Therefore, there is no function f(x) and h(t) such that f(x) is once h(t) —
differentiable but not twice h(t) — differentiable at some point.

This is because,
f(x+h(@)—f(x) fx+2n@)-2f (x+h())+f(x)
Dieyf () ==—, 57— = Do) (Dh(t>f (x)) - oo -
It depends only on the values of f(x) at x, x + h(t), and x + 2h(t). Since f(x) is
defined on R, this is defined for all x and any fixed h(t) # 0.

Example 4.2: If q(t) = 1 + t and f(x) = |x|? then find q(t) — derivative of f(x) for x # 0.
Solution:

Step I] Using the definition of q(t) — derivative the first (1 + t) — derivative of f(x) = |x|3 is
given by;

Case I] Forx # 0

o Ifx>0,f(x)=x3s0
Flo) = fl@®x) —f(x) _ (@®)x)° —x°
D (@@ -Dx (@) -1x
With q(t) = (1+1t)

x2(q(©)? +q(®) + 1).

One can verify thatast — 0 = D (t)f(x) D1f(x) = 3x?

e Ifx <0, f(x)=-x350
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fa®x) - fx) _ —(@@®)x)° - (=x%)
(q(®) — Dx (q(®) — Dx

Dg(oyf (@) = = —x2(q(©)* + q(t) + 1).
With q(t) = (1 + t)

One can verify thatas t — 0 = Dy, f(x) — D'f(x) = —3x?

Step II] Using the definition of q(t) — derivative the second (1 + t) — derivative of f(x) =
|x|3 is given by;

CaseI] Forx # 0

o Ifx >0, Dy f(0) = ¥(q(D) +q(8) + 1),
= Dgyf (X) = Dy [x*(q(®)* + q(t) + D] = (q(©)* + q(®) + 1) - x(q(t) + 1).
With q(t) = (1+1t)
One can verify thatast — 0 = Ds(t)f(x) — D?f(x) = 6x

o Ifx <0,Dgyf(x) =—x%*(q(t)* +q(t) + 1), s0:
Dgyf (%) = Dgepy[=x*(q(£)* + () + D] = —=(q()* + q(t) + 1) - x(q(®) + D).
With q(t) = (1+1t)
One can verify thatast — 0 = Ds(t)f(x) — D?2f(x) = —6x

Step III] Using the definition of q(t) — derivative the third (1 + t) — derivative of f(x) = |x|3
is given by;

o= 0
e Asx - 0"

Dginf (@(®)x) = (q()* + q(t) + D(q(t) + D(q()x),
and Dy f(x) = (q(©)* + q(t) + D(q(t) + Dx,

s0:

[(q(®)* + q(®) + D(q®) + D)(@®)x)] — [(q(t)* + q(t) + D(q(t) + D)x]
(@) —Dx
= (q®)* +q@® + D(q®) + 1).

With ¢(£) = (1 + t)
One can verify thatas t — 0 = Dj,,f(x) — D3f(x) = 6

e Asx—-0:
Dipf(a(®)x) = —(q(®)* +q@®) + D(@®) + D(@®)x), Dif(x)
= —(q(®)* + q(t) + D(q(®) + Dx

SO:
[-(@®)* +q(®) + D@@@®) + D@@O0] = [-(@®)* + q(t) + D(q(®) + Dx]
(q(t) — Dx
=—=(q(®)?+qt) + D(@@® + D).
With q(t) = (1+1¢t)
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One can verify thatas t — 0 = D,y f(x) — D3f(x) = —6

Example 4.3: Solve the first order q(t) linear differential equation D f(x) = 2f(x) + x
with initial condition f(0) = 1.
Solution:

Step I] Using the definition of the q(t) — derivative:
fl@®)x) — f(x)
=2f(x) + x.
@o-nx I

Multiplying both sides by (q(t) — 1)x, with q(t) # 1 and q(t) > 1ast >0
= fq()x) = f(x) = 2f (x) + x)(q(t) — Dx
= f(q®)x) = fO[1 +2(q(t) — Dx] + (q(t) - Dx? - (43.1)

Step II] Assume a power series solution: f(x) = Yo—ya, x", withay, = f(0) = 1.

o)

= @) = ) anq®)"x"
n=0
Substitute into the equation (4.3.1), it gives:
> ana(@" " = [1+2(a() = Dx] ) apx™ + (a(6) = Dx?

n=0 n=0

Now we expand the R. H. S. of the equation, to get.

z a, q(t)"x™ = Z a, x™+2(q(t) — 1) Z a, x™*1 + (q(t) — 1)x2.

n=0 n=0

Shift the index in the second sum and Combining the terms:
= > @ q(O™" = ag+ ) [ay +2(4(6) = Dag11x" + (g(6) = Dx%
n=0 n=1

Step II] Equating the coefficients on the both sides we get;
apo=a, = ag=1.

a;q(t) = a; +2(q(t) —Day = a,(q(t) — 1) =2(q®) - 1)

Asq(t) #1=a, =2 = 2a,

aq(t)* = ap +2(q(t) — Day + (q(t) — 1)

Substitute, a; = 2 in the above equation and rearranging the terms:
ax(q(®)* — 1) = 4(q(®) — 1) + (q(t) — 1) = 5(q(t) — 1).
5(q(t)-1)
(@®)?-1)’
As q(t)* —51 = (Q(t)s— D(q®) +1)

ﬁazz

a, = = 2
2T g +1 2]
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° Forn >3

anq(O)" = an +2(q(t) = Va1 = an(q(O)" — 1) = 2(q(t) — Dan_;.
weknow ()" —1=(q(t) - DA +q(®) + -+ q@®O"™),

2 2
“ETI O+ 9O T Il

ap-1

Using this recurrence relation, it gives us:

n

1—[ 2 5 22 5.2"n72
a, =a,- = : =
no 1 kg  [2lay Blawltaw [Mawy  [2law[Blae Mg

Step III] The unique analytic series solution to the initial value problem is:

N 5. 2n2
f(x) =1+2x+ nZZ oo Bloe e x" —(4.3.2)

This power series converges for sufficiently small |x|, depending on the
choice of q(t).

The solution coincides with the actual series solution of the differential equation
f'(x) = 2f(x) + x with initial condition f(0) = 1 given by;

5 5 5 1
fx)=1+42x+ Exz +§x3 + gx‘* + §x5 + -+ — (4.3.3)
Where q(t) > 1last >0

The analytic solution of the given problem under wusual derivative is
f(x) = zezx - 2 - i with the given initial condition f(0) = 1. — (4.3.4)

For the equation (4.3.2)

5 10 20 40
(X)=1+2x+ x? + x3 + x*+
! 2law (2] Blgy (2] g6, Bl [ gty (2196 Blg0[#gw [Blge

series solution for the first 6 terms with g(t) = 1 + t and t = 0.001

x5atx =1 andin

Att =0.001 =
F=1+2+

5 10 20
+ +
2.001 ' (2.001)(3.003001) ' (2.001)(3.003001)(4.006004001)
40

* (2.001)(3.003001)(4.006004001)(5.01001005001)

~ 8.325428

For the equation (4.3.3)
FGO=1+2x+ gxz + §x3 + %x”f + ;x5atat x = 1 and in series solution for the first 6 terms

the approximate solution is given by f(1) =1+ 2+ Z+3+ 2+ ~8.33333333

For the equation (4.3.4)

Using the series solution of the given first order q(t) - linear differential equation is given by

x 1

5
fx) = Zezx_E_Z

Whose approximate value at x = 1 is given by
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1 1

—5,2_1_1 _
f(1) = Ze? =2 - ~8.48632012

One can check that ads t — 0 the as q(t) — Series Solution converges to the original
solution.

Moreover, Geometrically, this operator captures the rate of change of f along a non-
uniform scaling of the domain, determined by q(t). The solution f(x) can be interpreted as a
curve whose tangent (in the q(t)-sense) at each point is proportional to its value plus a linear
term. The initial condition fixes the curve's starting point. The geometry is enriched by the fact
that the scaling factor q(t) introduces a deformation of the classical derivative, leading to
solutions that may exhibit self-similar or fractal-like properties, depending on the choice of q(t).
This connects to the broader geometric function theory where such equations describe mappings
with specific distortion properties.

Example 4.4: Solve the first order h(t) linear differential equation Dy, f(x) = 2f(x) + x with
initial condition f(0) = 1.

Solution:

Step I] Substitute the definition into the given equation, it gives us:

fx+h() - f(x)
h(t)

f(x+ h(t)) =1+ 2h(t))f(x) + h(t)x.

= 2f(x) + x.

which gives;

Step II] Thereby framing the problem within a discrete dynamical system where the step size
h(t) governs the evolution of f(x). This perspective reveals the inherent discrete structure
underlying h(t)-calculus.

Thus we consider this problem in discrete frame that as it can be thought as of linear non —
homogeneous recurrence relation.

Let x = nh(t) and define f;, = f(nh(t)) = fu41 = f((n + 1)h(t)) + h(t)nh(t)
Then the recurrence becomes:

= f((n+ Dh®) = (1 + 2h(0))f (nh(t)) + h(t)nh(t)
= for1 = (1+ 20D f, + R(D)*n,  with fy = 1.

This is a linear non — homogeneous recurrence.

Step III] Homogeneous Solution
The homogeneous equation is:

far1 — (@A +2h()f = 0,

with solution:

£ = c(1 + 2h(E)"
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Step 1V] Particular Solution

Assume that the particular solution is of the form:

P = 4an + B.
Substitute into the recurrence:
A(n+ 1)+ B — (1 + 2h(t))(An + B) = h(t)*n
Simplify the equation:
An+ A+ B — An — 2h(t)An — B — 2h(t)B = —2h(t)An + A — 2h(t)B = h(t)*n.

Equating the coefficients of both sides of the above equation:

e Forn:—2h(t)A=h(t)?=>A=-"2
e Constant termis: A — 2h(t)B =0

h(t)

B 1
=B =—-
4
Thus, the particular solution is:
h(t) 1
B =g

Step V] General Solution

Combine homogeneous and particular solutions, we get:

he) 1
fn = C(l + Zh(t))n —Tn - Z

Using f, = 1 gives, C—%z 1:>C=Z.
MO, 2
4

= f, =>(1+ 2h(®))" -

Since, x = nh(t), we have n = mas h(t) #0

Substituting back, it gives us

f&) = 2(1 + 2h(6))*/"® — ; - %-

Step VI] Verification of Solution

fx+h®) =~ (1 + 2h(t))x2?r(>t) _x+h® 1

= -(1 + 2h(e)io™ X O _1

= f(x +h(t)) — f(x) = —(1 + 2h(t))h(t)[(1 +2h(0) - 1] - h(t)
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= h(t) (1 + 2@ - 12

= Dy f(x) =5 (1 + 2h())'® — =

Now compute the right-hand side:

5 x  x 1
2f () +x = 2|7 (1 + 2R()MO -2 — 2| +x
=31+ 2h(O)"O —x =+ x

5 1
=—(1+2 x/h(t) — _
> (L+2h()) >

The two sides match, and f(0) = 1, so the solution is correct.

Such a solution using A(t)- derivative provides a discrete analogue of continuous differential
equation and can be thought as foundation for numerical method and finite difference scheme.
This is because, The h(t)-derivative is fundamentally a finite difference operator. The natural
solution lives on the grid points {xg, X1, X5, ... } generated by the recurrence x,, 41 = x, + h(xy).

Also, converting back to f(x) for arbitrary ‘x’ requires inverting the mapping x - x + h(x),
which is generally impossible to express in elementary functions unless h(x) has a very specific
form.

Moreover, Geometrically this operator measures the rate of change of f(x) over intervals
determined by h(t), capturing discrete or continuous deformations of the classical derivative.
The solution f(x) describes a curve whose h(t)-incremental behavior at each point is
proportional to its value plus a linear term. The initial condition anchors the curve at the origin.

The geometry here involves a deformation of the tangent concept, where the step size varies
with position, leading to solutions that may exhibit properties of functions defined on non-
uniform lattices or grids. This connects to the broader geometric function theory where such
equations describe mappings with prescribed finite-difference characteristics.

5. Conclusion

This paper advances the theoretical framework of q(t)- and h(t)-calculus by
establishing fundamental connections between these two formulations and their applications
across multiple mathematical domains. We successfully introduced new classes of q(t)-special
functions, including exponential, Gamma, Beta, Hypergeometric functions, and Hermite
polynomials, while extending geometric function theory through q(t)-starlike and convex
functions.

The key achievement lies in deriving the precise relationship between h(t)- and q(t)-
derivatives and demonstrating that these calculi are not disjoint but complementary frameworks.
The fundamental theorem of h(t)-calculus and orthogonality properties of q(7)-Hermite
polynomials further validate the mathematical consistency of our approach.

Future Work:
The unified q(t)-h(t) framework opens several promising research directions:
1. Fractional Calculus: Extending q(t)- and h(t)-operators to fractional orders could yield
new fractional differential equations with applications in anomalous diffusion and
viscoelasticity.
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2. Mathematical Physics: The q(t)-hypergeometric series and Hermite polynomials may
find applications in quantum mechanics, particularly in solving Schrodinger equations
with position-dependent mass and in orthogonal polynomial theory.

3. Complex Analysis: Investigating q(t)-analytic functions and their mapping properties
could lead to new univalence criteria and coefficient estimates in geometric function
theory.

4. Numerical Methods: The h(t)-calculus fundamental theorem provides a basis for
developing novel numerical integration schemes for non-uniform grids and adaptive
algorithms.

5. Special Function Theory: Further exploration of q(t)-analogues of classical orthogonal
polynomials and their generating functions may reveal new transformation formulas and
recurrence relations with applications in approximation theory.
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