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Abstract: In this Study we extend the work of Reem K. Alhefthi [12] on Lumpy Skin Disease (LSD) dynam-
ics using symptomatic and asymptomatic measures with a Mittag-Leffler kernel, we propose a fractional fractal
Mittag-Leffler SV EI1I2R model to capture memory and hereditary effects in disease transmission. The mod-
elŠs dynamical behavior is rigorously analyzed, including local and global stability and the basic reproduction
number. We derive conditions for Hopf bifurcation, revealing scenarios that may trigger oscillatory outbreaks.
A detailed sensitivity analysis identifies critical epidemiological and control parameters that significantly influ-
ence disease spread. Additionally, an optimal control framework based on PontryaginŠs Maximum Principle
is developed to minimize infection via vaccination, treatment, and isolation strategies. Numerical simulations
demonstrate the profound impact of fractional-order dynamics on epidemic progression, offering insights into
the interaction between bifurcation phenomena, parameter sensitivities, and optimal interventions. This study
provides a robust, integrated framework for understanding, predicting, and controlling LSD in livestock popula-
tions.
Keywords: Fractional fractal Mittag-Leffler, SEVIR model, Hopf bifurcation, Sensitivity analysis, Optimal
control, Epidemic dynamics.

1. Introduction

Lumpy Skin Disease (LSD) has emerged as one of the most significant transboundary viral infections affect-
ing cattle populations worldwide. The disease is caused by the Lumpy Skin Disease Virus (LSDV), belonging
to the genus Capripoxvirus within the family Poxviridae. It is characterized by clinical manifestations such as
high fever, firm skin nodules, enlarged superficial lymph nodes, edema, and generalized malaise, which together
lead to considerable economic losses due to reduced milk yield, infertility, weight loss, and occasionally mor-
tality [12]. Although LSD is not zoonotic and thus poses no direct risk to human health, it significantly affects
livestock productivity, animal welfare, and international trade. The transmission of LSD occurs mainly through
mechanical vectors such as mosquitoes, biting flies, and ticks, making vector control an essential but challenging
aspect of its management. Recent years have witnessed the spread of LSD beyond sub-Saharan Africa to the
Middle East, southeastern Europe, and Asia, driven by climatic changes, globalization, and enhanced animal
trade. Reports by international health organizations have underscored the necessity of effective surveillance sys-
tems, preventive vaccination, and advanced mathematical modeling frameworks to understand and mitigate its
spread [12].

Mathematical modeling plays a pivotal role in capturing the dynamics of LSD transmission and control.
Classical deterministic models such as SIR, SEIR, and SEQIR frameworks have offered valuable epidemiolog-
ical insights, yet they often fail to capture the complex memory-dependent and nonlocal effects inherent in real
epidemic processes. To overcome these limitations, fractional calculus has gained attention as a powerful tool
for modeling infectious diseases, providing an efficient mechanism to represent memory effects and hereditary
characteristics in biological systems [1-3, 6, 7]. The introduction of the fractional fractal Mittag-Leffler deriva-
tive enables a unified representation of both memory and fractal geometrical structures in the system, offering
improved realism in modeling disease persistence and complex temporal behavior [8, 11, 12].



Fractional-order epidemic models have been widely adopted to analyze disease transmission processes where
long-term memory and heterogeneous interactions play crucial roles [10, 11,13]. The Caputo and CaputoŰ-
Fabrizio derivatives have been particularly useful for modeling non-exponential waiting times and subdiffusive
behavior observed in epidemiological data [2, 3]. Furthermore, the Mittag-Leffler kernel has been applied suc-
cessfully to represent nonlocal and nonsingular memory effects, providing a generalized framework that bridges
classical and anomalous diffusion processes [1, 8, 11]. Such fractional-order formulations have significantly
enhanced epidemic models’ ability to describe persistence, infection waves, and the delayed effects of control
interventions [9, 10].

Beyond the descriptive capability of fractional models, incorporating bifurcation theory particularly Hopf
bifurcation analysis enables the exploration of periodic and oscillatory dynamics in epidemic systems [9, 16].
Hopf bifurcation provides insight into transitions from stable equilibria to sustained oscillations, corresponding
to recurrent or endemic outbreaks. This analytical approach is essential for identifying threshold conditions un-
der which small variations in parameters, such as transmission or recovery rates, can induce large scale epidemic
fluctuations. Sensitivity analysis further supports this framework by quantifying the influence of epidemiologi-
cal parameters on the system’s dynamic behavior, helping determine which control variables such as vaccination
coverage or vector density have the greatest impact on reducing infection prevalence [10, 15].

The integration of optimal control theory into fractional-order epidemic models offers a powerful means to
design efficient intervention strategies. PontryaginŠs Maximum Principle provides a mathematical foundation
for determining optimal control profiles that minimize infection prevalence and associated economic losses while
balancing costs related to vaccination, treatment, and isolation [10, 17]. Such approaches have been success-
fully implemented in fractional-order SEIR and SEQIR epidemic models to achieve a balance between health
outcomes and resource utilization [10, 13, 18].

Building upon these theoretical advances, the present study proposes a novel fractional-order model for
Lumpy Skin Disease dynamics based on the fractional fractal Mittag-Leffler derivative. This derivative captures
the nonlocal, memory-dependent, and fractal nature of LSD transmission. The studyŠs main contributions are
fourfold: (1) the introduction of the fractional fractal Mittag-Leffler operator into the LSD model to better rep-
resent memory effects and heterogeneity [1, 8, 11]; (2) the analysis of Hopf bifurcation phenomena to identify
parameter thresholds leading to oscillatory disease behavior[9, 16]; (3) a comprehensive sensitivity analysis to
determine the most influential parameters affecting LSD dynamics [10, 15]; and (4) the application of Pontryag-
inŠs Maximum Principle to design optimal control strategies for minimizing infection spread and economic
burden [10, 17].

By combining fractional calculus, bifurcation theory, sensitivity analysis, and optimal control into a unified
mathematical framework, this work provides both theoretical depth and practical applicability to the study of
Lumpy Skin Disease. The use of the fractional fractal Mittag-Leffler derivative allows for realistic modeling
of disease persistence and long-term memory effects, while bifurcation and sensitivity analyses yield insights
into the nonlinear behavior and stability of the system. Ultimately, this study offers a robust foundation for
designing efficient control strategies and advancing our understanding of LSD epidemiology, with potential ap-
plications to other vector-borne livestock diseases that exhibit similar nonlocal and memory-driven transmission
characteristics [1, 2, 9-11, 16].

1.1. Motivation
Lumpy Skin Disease (LSD), a vector-borne viral infection primarily affecting cattle and buffaloes, poses se-

vere threats to livestock economies worldwide, with outbreaks causing substantial morbidity, mortality, and trade
restrictions. Traditional integer-order epidemic models often fail to capture the non-local, memory-dependent
nature of disease transmission, particularly in fractal-like biological processes influenced by environmental het-
erogeneity and long-term immunity waning. Recent work by Alhefthi [12] introduced a fractional model with
Mittag-Leffler kernel for LSD dynamics incorporating symptomatic and asymptomatic infections, yet it over-
looks fractal structures and advanced bifurcation behaviors essential for predicting oscillatory outbreaks. Moti-
vated by these limitations and the urgent need for memory-aware models in veterinary epidemiology, this study
extends the framework to a fractional fractal setting, aiming to elucidate stability thresholds, sensitive parame-
ters, and optimal interventions for LSD control in resource-limited regions like South Asia.

1.2. Novelty
This work introduces the first fractional fractal Mittag-Leffler SV EI1I2R model for LSD, integrating fractal

dimensionality to realistically depict heterogeneous transmission kernels while preserving memory effects via
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the Mittag-Leffler function. Key innovations include:

• rigorous derivation of local/global stability and the basic reproduction number under fractal orders;

• explicit conditions for Hopf bifurcation, uncovering oscillatory dynamics absent in prior models;

• comprehensive sensitivity analysis pinpointing vaccination and isolation as pivotal controls; and

• an optimal control strategy via Pontryagin’s Maximum Principle, minimizing infections through time-
dependent interventions.

Numerical schemes validate these features, revealing how fractional-fractal orders amplify or dampen bifurca-
tions compared to classical models, providing a novel predictive tool for LSD management.

1.3. Structure of the Paper

The structure of this paper is organized systematically to provide a comprehensive understanding of the
modeling, analysis, and control of Lumpy Skin Disease (LSD) under a fractional-order framework. Section 2
presents the formulation of the proposed fractional-order SV EI1I2R model, which incorporates the fractional
fractal Mittag-Leffler derivative to capture the nonlocal memory and hereditary characteristics of LSD dynam-
ics. In Section 3, the stability of the equilibrium points and the conditions leading to Hopf bifurcation are
examined to explore the transition between stable and oscillatory disease states. Section 4 focuses on sensitiv-
ity analysis, identifying the most influential epidemiological and control parameters that significantly affect the
spread and persistence of the disease. Section 5 introduces optimal control strategies, designed and evaluated
using PontryaginŠs Maximum Principle, to minimize infection levels and economic losses through interven-
tions such as vaccination, treatment, and isolation. Section 6 provides an in-depth discussion of the numerical
simulations, highlighting the implications of fractional dynamics and control strategies in effectively mitigating
LSD outbreaks. Finally, Section 7 concludes the study with key findings, policy insights, and recommenda-
tions for future research directions, emphasizing the potential of fractional calculus-based models in improving
epidemiological forecasting and control of transboundary livestock diseases.

2. Preliminaries

In this section, we present several essential definitions related to fractional and fractal calculus, which form
the mathematical foundation for the proposed Lumpy Skin Disease (LSD) model. These definitions are crucial
for understanding the fractional dynamics, memory effects, and hereditary characteristics of the system [1, 2, 4,
6].

1. Definition[Fractal Fractional Derivative, Riemann Liouville Sense [12]] Let G(t) be a continuous and
sufficiently differentiable function on the interval (a,b), and let 0 < ξ ,λ ≤ 1. The fractalŰfractional derivative
of order ξ with fractal dimension λ in the RiemannŰLiouville sense is defined as:

FFP
0 Dξ ,λ

t G(t) =
1

Γ(n−ξ )

d
dtλ

∫ t

0
(t −ζ )n−ξ−1G(ζ )dζ , (1)

where n−1 < ξ ,λ < n, and Γ(·) denotes the Gamma function.
The fractal derivative with respect to ζ is expressed as:

dG(ζ )

dζ λ
= lim

t→ζ

G(t)−G(ζ )

tλ −ζ λ
. (2)

2. Definition[Fractal Fractional Derivative with Exponential Kernel [12]] The fractal fractional derivative of
G(t) with an exponentially decaying kernel is defined as:

FFE
0 Dξ ,λ

t G(t) =
M(ξ )

Γ(n−ξ )

d
dtλ

∫ t

0
e−

ξ

1−ξ
(t−ζ )G(ζ )dζ , (3)

where M(ξ ) is a normalization function satisfying M(0) = M(1) = 1.
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3. Definition[Fractal Fractional Derivative with Mittag Leffler Kernel] For 0 < ξ ,λ ≤ 1, the fractalŰfrac-
tional derivative of G(t) using the MittagŰLeffler kernel is defined as:

FFM
0 Dξ ,λ

t G(t) =
A(ξ )
1−ξ

d
dtλ

∫ t

0
G(ζ )Eξ

(
− ξ

1−ξ
(t −ζ )ξ

)
dζ , (4)

where Eξ (·) denotes the MittagŰLeffler function and A(ξ ) = 1− ξ + ξ

Γ(ξ )
represents the normalization coeffi-

cient.
4.Definition[Fractal Fractional Integral [12]] Let G(t) be continuous on (a,b) with 0 < ξ ,λ ≤ 1. Then, the

corresponding fractalŰfractional integral of G(t) of order ξ and fractal dimension λ is given by:

1. Power law kernel:
FFP
0 Iξ ,λ

t G(t) =
1

Γ(ξ )

∫ t

0
(t −ζ )ξ−1

ζ
1−λ G(ζ )dζ . (5)

2. Exponential kernel:

FFE
0 Iξ ,λ

t G(t) =
λ (1−ξ )tλ−1

M(ξ )
G(t)+

ξ λ

M(ξ )

∫ t

0
ζ

λ−1G(ζ )dζ . (6)

3. Mittag Leffler kernel:

FFM
0 Iξ ,λ

t G(t) =
(1−ξ )λ tλ−1

A(ξ )
G(t)+

λξ

A(ξ )Γ(ξ )

∫ t

0
(t −ζ )ξ−1

ζ
λ−1G(ζ )dζ . (7)

These generalized operators allow the incorporation of both fractional order and fractal dimension, providing
a powerful framework for describing complex biological and epidemiological systems where memory, hetero-
geneity, and self similarity play a significant role.

3. Model Formulation for Fractional-Order SVEI1I2R System

To comprehensively describe the epidemiological behavior of Lumpy Skin Disease (LSD), we construct a
novel and biologically realistic mathematical framework that extends beyond the conventional SVEIR structure
by incorporating distinct acute and chronic infection phases. This enhanced framework enables a more accurate
understanding of disease progression and facilitates the formulation of effective control and mitigation strategies.
The proposed fractional-order SV EI1I2R model [12] thus provides deeper insight into both transient outbreak
dynamics and long-term disease persistence within livestock populations.

Let the total cattle population at time t be denoted by N(t), consisting of six mutually exclusive compart-
ments: susceptible S(t), vaccinated V (t), exposed E(t), acutely infected I1(t), chronically infected I2(t), and
recovered R(t). Therefore,

N(t) = S(t)+V (t)+E(t)+ I1(t)+ I2(t)+R(t).

Each compartment reflects a biologically meaningful class of individuals that collectively describe the infection
dynamics of LSD under fractional-order effects.

The susceptible class S(t) represents healthy cattle that are at risk of infection upon contact with infected
animals or imperfectly immunized cattle. The vaccinated class V (t) comprises animals that have received im-
munization prior to exposure, thereby achieving partial or complete protection against viral transmission. Upon
effective exposure through infected vectors or direct contact, susceptible cattle transition into the exposed class
E(t), which represents an incubation stage during which the virus replicates without visible clinical manifesta-
tions.

Subsequently, individuals in E(t) progress to the acute infection compartment I1(t), symbolizing the early
symptomatic stage of the disease. During this stage, the infection is often controllable through timely isolation,
medical treatment, and preventive measures. If left unmanaged, the disease advances to the chronic infection
compartment I2(t), which denotes a severe and persistent state characterized by reduced recovery potential and
increased mortality risk. Finally, individuals recovering from either acute or chronic infection enter the recovered
class R(t), where they acquire temporary or permanent immunity against reinfection.
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This refined compartmentalization framework captures the biological realism of LSD transmission and pro-
gression with greater precision. By integrating fractional-order calculus, the model inherently accounts for mem-
ory effects and hereditary dynamics, which are critical in representing disease latency, persistence, and delayed
recovery responses. Consequently, the proposed fractional-order SV EI1I2R model provides a robust foundation
for analyzing stability, bifurcation behavior, and optimal control interventions, ultimately supporting evidence-
based strategies for mitigating LSD outbreaks in cattle populations. Let the fractional fractal Mittag-Leffler
derivative be denoted by

FFM
0 Dξ ,λ

t ,

where 0 < ξ ≤ 1 and 0 < λ ≤ 1.
The model compartments fig.(1, 7) are:

S(t), V (t), E(t), I1(t), I2(t), R(t).

The fractional-order controlled system is given by

FFM
0 Dξ ,λ

t S(t) = π −θ1SI1 −ρ1SI2 − (σ1 +µ +ω1)S,

FFM
0 Dξ ,λ

t V (t) = σ1S−σ2V I1 −ρ2V I2 − (σ3 +µ +ω2)V,

FFM
0 Dξ ,λ

t E(t) = θ1SI1 +ρ1SI2 +σ2V I1 +ρ2V I2 − (µ +θ2)E,

FFM
0 Dξ ,λ

t I1(t) = θ2E − (κ1 +µ +θ3 +θ4 +ω3)I1,

FFM
0 Dξ ,λ

t I2(t) = θ4I1 − (κ2 +µ +θ5)I2,

FFM
0 Dξ ,λ

t R(t) = θ3I1 +θ5I2 +σ3V −µR.

(8)

with initial conditions

S(0) = S0, V (0) =V0, E(0) = E0, I1(0) = I1(0), I2(0) = I2(0), R(0) = R0.

Parameter
Symbol

Description

π Represents the birth rate
θ1 Transmission rate from susceptible to exposed via I1
ρ1 Transmission rate from susceptible to exposed via I2
σ1 Vaccination rate of susceptible cattle
σ2 Exposure rate of vaccinated cattle due to I1
ρ2 Transmission rate from vaccinated to exposed via I2
σ3 Recovery/immunity rate of vaccinated cattle
θ2 Transition rate from exposed to acutely infected
κ1 Death rate due to acute infection
θ3 Recovery rate from I1
θ4 Transition rate from acute (I1) to chronic (I2) infection
κ2 Death rate due to chronic infection
θ5 Recovery rate from chronic infection
µ Natural mortality rate
ω1,ω2,ω3 Control variables representing interventions such as vaccination,

medication, or isolation

4. Hopf Bifurcation

Theorem 4.1 (Hopf Bifurcation Condition for the Fractional SVEI1I2R Model). Consider the fractional-order
SVEI1I2R system linearized around the disease-free equilibrium E0, whose characteristic equation is given by

λ
3 +a1λ

2 +a2λ +a3 = 0,

5



where
a1 = m+A+B,

a2 = mA+mB+AB−θ2β1,

a3 = mAB−θ2β1B−θ2θ4β2,

and the parameters are defined as

m = µ +θ2, A = A0 +ω3, A0 = κ1 +µ +θ3 +θ4,

B = κ2 +µ +θ5, β1 = θ1S0 +σ2V0, β2 = ρ1S0 +ρ2V0.

Then, the system undergoes a Hopf bifurcation at a critical value ω3 = ω∗
3 if the following conditions are satis-

fied:

1. Hopf (classical) condition. The coefficients satisfy

a1a2 = a3, ω
2 = a2,

which leads to the bifurcation equation

C2ω
2
3 +C1ω3 +C0 = 0,

where
C2 = B+m,

C1 = 2A0B+2A0m+B2 +2Bm+m2 −θ2β1,

C0 = A2
0B+A2

0m+A0B2 +2A0Bm+A0m2 −A0θ2β1

+B2m+Bm2 −mθ2β1 +θ2θ4β2.

The corresponding critical value of the bifurcation parameter is given by

ω
∗
3 =

−C1 ±
√

C2
1 −4C2C0

2C2
.

2. Transversality condition. The transversality condition is satisfied whenever

ℜ

(
dλ

dω3

∣∣∣
ω3=ω∗

3

)
̸= 0,

where

ℜ

(
dλ

dω3

)
=− Ba1 −Bm+a1m+a2

2(a2 +a2
1)

.

Therefore, a Hopf bifurcation occurs at ω3 = ω∗
3 whenever

a1(B+m)−Bm+a2 ̸= 0 ,

and all other eigenvalues have negative real parts.

Proof. The characteristic equation of the infected subsystem near the disease-free equilibrium is given by

F(λ ,ω3) = λ
3 +a1λ

2 +a2λ +a3 = 0,

where a1,a2, and a3 depend on ω3 through A = A0 +ω3. Differentiating implicitly with respect to ω3 gives

dλ

dω3
=−

∂F
∂ω3

∂F
∂λ

,

where
∂F
∂λ

= 3λ
2 +2a1λ +a2,

∂F
∂ω3

=
da1

dω3
λ

2 +
da2

dω3
λ +

da3

dω3
.
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Since A depends linearly on ω3, we have

da1

dω3
= 1,

da2

dω3
= m+B,

da3

dω3
= mB.

Substituting these derivatives into the above expression yields

dλ

dω3
=− λ 2 +(m+B)λ +mB

3λ 2 +2a1λ +a2
.

At the Hopf bifurcation point λ = iω , we have

N =−ω
2 + i(m+B)ω +mB, D =−3ω

2 + i2a1ω +a2.

Hence,

ℜ

(
dλ

dω3

)
=

−Ba2m+3Bmω2 −2a1ω2(B+m)+a2ω2 −3ω4

(−3ω2 +a2)2 +4a2
1ω2 .

Using the Hopf conditions ω2 = a2 and a3 = a1a2, the above expression simplifies to

ℜ

(
dλ

dω3

)
=− Ba1 −Bm+a1m+a2

2(a2 +a2
1)

.

The transversality condition requires that the real part of this expression is nonzero. Therefore, a Hopf bifurcation
exists if

a1(B+m)−Bm+a2 ̸= 0,

and all remaining eigenvalues have negative real parts. This completes the proof.

Corollary[Fractional Hopf Boundary via Matignon’s Criterion] Let the characteristic polynomial of the
linearized infected subsystem at the DFE be

F(λ ,ω3) = λ
3 +a1(ω3)λ

2 +a2(ω3)λ +a3(ω3) = 0,

with ai as in Theorem 4.1. For the fractional system of order 0 < ξ ≤ 1, the equilibrium lies on the fractional
stability boundary when a conjugate pair of roots satisfies Matignon’s boundary

arg(λ ) =±ξ π

2
.

Writing
λ = ρ ei ξ π

2 , ρ > 0,

the fractional Hopf (boundary) conditions are obtained by separating real and imaginary parts of

F
(
ρei ξ π

2 ,ω3
)
= 0,

i.e. the system of two real equations ℜ
(
F(ρei ξ π

2 ,ω3)
)
= 0,

ℑ
(
F(ρei ξ π

2 ,ω3)
)
= 0,

which determine the boundary pair (ρ,ω3) (together with a nondegeneracy/transversality condition).

Proof. Substitute λ = ρei ξ π

2 into the cubic polynomial and expand:

F(ρei ξ π

2 ,ω3) = ρ
3ei 3ξ π

2 +a1ρ
2eiξ π +a2ρei ξ π

2 +a3.

Separating real and imaginary parts yields the two scalar equations

ρ
3 cos

(
3ξ π

2

)
+a1ρ

2 cos(ξ π)+a2ρ cos
(

ξ π

2

)
+a3 = 0,

ρ
3 sin

(
3ξ π

2

)
+a1ρ

2 sin(ξ π)+a2ρ sin
(

ξ π

2

)
= 0.
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These two equations in the unknowns (ρ,ω3) (recalling ai = ai(ω3)) locate points where a conjugate pair of
eigenvalues lies exactly on the Matignon boundary arg(λ ) =±ξ π/2.

To obtain a bona fide fractional Hopf bifurcation (crossing of the boundary), one must additionally verify
a transversality (nondegeneracy) condition. Differentiate F(λ (ω3),ω3) = 0 implicitly with respect to ω3 and
evaluate along the boundary root λ = ρeiξ π/2 to check that

ℜ

(
dλ

dω3

)∣∣∣∣∣
λ=ρei ξ π

2

̸= 0,

(or equivalently that the real part of the velocity of the root across the Matignon line is nonzero). If this transver-
sality holds, a conjugate pair of eigenvalues crosses the stability boundary as ω3 passes through the computed
ω∗

3 and a fractional Hopf bifurcation occurs.

Corollary[Elimination of ρ and algebraic condition for ω3] Let F(λ ,ω3) = λ 3 + a1(ω3)λ
2 + a2(ω3)λ +

a3(ω3) be the characteristic polynomial of the infected subsystem as in Theorem 4.1. For the fractional order
0 < ξ ≤ 1, set

λ = ρei ξ π

2 , ρ > 0,

and denote
c1 = cos

(
3ξ π

2

)
, s1 = sin

(
3ξ π

2

)
,

c2 = cos(ξ π), s2 = sin(ξ π),

c3 = cos
(

ξ π

2

)
, s3 = sin

(
ξ π

2

)
.

Separating real and imaginary parts of F(ρeiξ π/2,ω3) = 0 yields

h(ρ,ω3) = ρ
3c1 +a1(ω3)ρ

2c2 +a2(ω3)ρc3 +a3(ω3) = 0, (9)

f (ρ,ω3) = ρ
3s1 +a1(ω3)ρ

2s2 +a2(ω3)ρs3 = 0. (10)

Because f has no constant term we factor ρ and exclude the trivial root ρ = 0, obtaining the quadratic

g(ρ,ω3) = ρ
2s1 +a1(ω3)ρs2 +a2(ω3)s3 = 0.

Eliminating ρ between the cubic h(ρ,ω3) and the quadratic g(ρ,ω3) is equivalent to requiring that their
Sylvester resultant (with respect to ρ) vanishes. Denote this resultant by Resρ(h,g). Then the fractional Hopf
boundary condition (with ρ eliminated) is

Resρ

(
h(·,ω3), g(·,ω3)

)
= 0 .

Moreover the resultant can be written explicitly as the determinant of the 5×5 Sylvester matrix:

Resρ(h,g) = det



c1 a1c2 a2c3 a3 0

0 c1 a1c2 a2c3 a3

s1 a1s2 a2s3 0 0

0 s1 a1s2 a2s3 0

0 0 s1 a1s2 a2s3


= 0.

Here each entry a j is shorthand for a j(ω3). Substituting the explicit forms

a1(ω3) = m+(A0 +ω3)+B,

a2(ω3) = m(A0 +ω3)+mB+(A0 +ω3)B−θ2β1,

a3(ω3) = m(A0 +ω3)B−θ2β1B−θ2θ4β2,

yields a single algebraic equation in ω3. This equation is, in general, a high-degree polynomial (after expansion)
whose real roots in the admissible parameter range give the fractional Hopf candidates ω∗

3 .
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Remarks on computation. The determinant above is the Sylvester resultant of a cubic and a quadratic in ρ; ex-
panding it gives a (generally high-degree) polynomial in the coefficients c1,c2,c3,s1,s2,s3 and a1(ω3),a2(ω3),a3(ω3).
Because the ai depend linearly or quadratically on ω3, the fully expanded resultant is an explicit polynomial con-
dition

P(ω3; ξ ,model parameters) = 0,

and its real roots yield the bifurcation parameter values. This produces the explicit algebraic equation in ω3
suitable for root-finding and further analysis.

5. Sensitivity analysis of the basic reproduction number R0

Definitions and equilibrium values
At the disease-free equilibrium (DFE) with constant recruitment π ,

S∗ =
π

σ1 +µ +ω1
, V ∗ =

σ1S∗

σ3 +µ +ω2
.

Introduce the compact notation

A = κ1 +µ +θ3 +θ4 +ω3, B = κ2 +µ +θ5,

and the effective transmission quantities

β1 = θ1S∗+σ2V ∗, β2 = ρ1S∗+ρ2V ∗.

We use the standard next-generation expression

R0 =
β1

A
+

θ4 β2

AB
.

Normalized sensitivity index
The normalized (relative) sensitivity index of R0 with respect to a parameter p is

SR0
p =

p
R0

∂R0

∂ p
.

Direct derivatives (parameters that appear explicitly in βi,A,B)
For parameters entering linearly in β1,β2,A,B the derivatives are:

(i) θ1:
∂R0

∂θ1
=

S∗

A
, SR0

θ1
=

θ1

R0
· S∗

A
.

(ii) ρ1:
∂R0

∂ρ1
=

θ4S∗

AB
, SR0

ρ1
=

ρ1

R0
· θ4S∗

AB
.

(iii) σ2:
∂R0

∂σ2
=

V ∗

A
, SR0

σ2
=

σ2

R0
· V ∗

A
.

(iv) ρ2:
∂R0

∂ρ2
=

θ4V ∗

AB
, SR0

ρ2
=

ρ2

R0
· θ4V ∗

AB
.

(v) θ4 (appears in numerator and in A):

∂R0

∂θ4
=−β1

A2 +
β2

AB
− θ4β2

A2B
,

hence

SR0
θ4

=
θ4

R0

(
− β1

A2 +
β2

AB
− θ4β2

A2B

)
.
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(vi) κ1 (in A):
∂R0

∂κ1
=−β1

A2 −
θ4β2

A2B
, SR0

κ1
=

κ1

R0

(
− β1

A2 −
θ4β2

A2B

)
.

(vii) κ2 (in B):
∂R0

∂κ2
=−θ4β2

AB2 , SR0
κ2

=
κ2

R0

(
− θ4β2

AB2

)
.

(viii) control ω3 (in A, same as κ1):

∂R0

∂ω3
=−β1

A2 −
θ4β2

A2B
, SR0

ω3
=

ω3

R0

(
− β1

A2 −
θ4β2

A2B

)
.

(ix) natural mortality µ: µ enters A,B and S∗,V ∗. One may compute it by chain rule (see below).

Chain-rule: parameters that affect S∗ and V ∗ (vaccination and control rates)

Because β1,β2 depend on S∗,V ∗, which depend on σ1,σ3,ω1,ω2,µ,π , use the chain rule:

∂R0

∂ p
=

1
A

(
θ1

∂S∗

∂ p
+σ2

∂V ∗

∂ p

)
+

θ4

AB

(
ρ1

∂S∗

∂ p
+ρ2

∂V ∗

∂ p

)
,

for any p that influences S∗,V ∗.
For σ1 (as a representative example):

S∗ =
π

σ1 +µ +ω1
, V ∗ =

σ1S∗

σ3 +µ +ω2
,

so
∂S∗

∂σ1
=− π

(σ1 +µ +ω1)2 =− S∗

σ1 +µ +ω1
,

and
∂V ∗

∂σ1
=

S∗

σ3 +µ +ω2
+

σ1

σ3 +µ +ω2

∂S∗

∂σ1
.

Thus
∂R0

∂σ1
=

1
A

(
θ1

∂S∗

∂σ1
+σ2

∂V ∗

∂σ1

)
+

θ4

AB

(
ρ1

∂S∗

∂σ1
+ρ2

∂V ∗

∂σ1

)
,

and finally

SR0
σ1

=
σ1

R0

∂R0

∂σ1
.

Chain-rule derivatives for σ3,ω1,ω2,µ,π

Recall
S∗ =

π

D1
, V ∗ =

σ1S∗

D2
,

where
D1 := σ1 +µ +ω1, D2 := σ3 +µ +ω2.

Also
A := κ1 +µ +θ3 +θ4 +ω3, B := κ2 +µ +θ5,

and

β1 = θ1S∗+σ2V ∗, β2 = ρ1S∗+ρ2V ∗, R0 =
β1

A
+

θ4β2

AB
.
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Derivatives of S∗ and V ∗..
∂S∗

∂π
=

1
D1

=
S∗

π
,

∂S∗

∂ω1
=− π

D2
1
=− S∗

D1
,

∂S∗

∂σ3
= 0,

∂S∗

∂ω2
= 0,

∂S∗

∂ µ
=− π

D2
1
=− S∗

D1
.

∂V ∗

∂ p
=

σ1

D2

∂S∗

∂ p
+σ1S∗

d
d p

(
1

D2

)
=

σ1

D2

∂S∗

∂ p
− σ1S∗

D2
2

∂D2

∂ p
.

Hence, using ∂D2/∂σ3 = 1, ∂D2/∂ µ = 1, ∂D2/∂ω2 = 1 and zero otherwise,

∂V ∗

∂π
=

σ1

D2

∂S∗

∂π
=

σ1

D2
· 1

D1
=

V ∗

π
,

∂V ∗

∂ω1
=

σ1

D2

∂S∗

∂ω1
=− σ1S∗

D2D1
=−V ∗

D1
,

∂V ∗

∂σ3
=−σ1S∗

D2
2

=−V ∗

D2
,

∂V ∗

∂ω2
=

σ1

D2
·0− σ1S∗

D2
2

=−V ∗

D2
,

∂V ∗

∂ µ
=

σ1

D2

∂S∗

∂ µ
− σ1S∗

D2
2

=− σ1S∗

D2D1
− V ∗

D2
=−V ∗

D1
− V ∗

D2
.

( ∂V ∗/∂π =V ∗/π, ∂V ∗/∂ω1 =−V ∗/D1, ∂V ∗/∂σ3 =−V ∗/D2, ∂V ∗/∂ω2 =−V ∗/D2, ∂V ∗/∂ µ =−V ∗(1/D1+
1/D2).)

Derivative of R0 via chain rule.. For any parameter p that affects only S∗,V ∗ (and neither A nor B), we have

∂R0

∂ p
=

1
A

(
θ1

∂S∗

∂ p
+σ2

∂V ∗

∂ p

)
+

θ4

AB

(
ρ1

∂S∗

∂ p
+ρ2

∂V ∗

∂ p

)
.

For µ , which also appears in A and B, include those contributions:

∂R0

∂ µ
=−β1

A2 −
θ4β2

A2B︸ ︷︷ ︸
∂R0

∂A
dA
dµ

+

(
−θ4β2

AB2

)
︸ ︷︷ ︸

∂R0

∂B
dB
dµ

+ (the chain-rule term as above using ∂S∗/∂ µ,∂V ∗/∂ µ).

Explicit partials for the requested parameters.. (1) σ3: (affects V ∗ only)

∂R0

∂σ3
=

1
A

(
θ1 ·0+σ2

(
− V ∗

D2

))
+

θ4

AB

(
ρ1 ·0+ρ2

(
− V ∗

D2

))
.

So
∂R0

∂σ3
=−V ∗

D2

(
σ2

A
+

θ4ρ2

AB

)
.

(2) ω1: (affects S∗ and hence V ∗, but not A,B)

∂R0

∂ω1
=

1
A

(
θ1

(
− S∗

D1

)
+σ2

(
− V ∗

D1

))
+

θ4

AB

(
ρ1

(
− S∗

D1

)
+ρ2

(
− V ∗

D1

))
.
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Factor:

∂R0

∂ω1
=− 1

D1

(
θ1S∗+σ2V ∗

A
+

θ4(ρ1S∗+ρ2V ∗)

AB

)
=− 1

D1

β1 +
θ4

B
β2

A
.

(3) ω2: (enters V ∗ via D2)

∂R0

∂ω2
=

1
A

(
θ1 ·0+σ2

(
− V ∗

D2

))
+

θ4

AB

(
ρ1 ·0+ρ2

(
− V ∗

D2

))
,

so identical in structure to σ3:
∂R0

∂ω2
=−V ∗

D2

(
σ2

A
+

θ4ρ2

AB

)
.

(4) π: (enters S∗,V ∗ linearly)

∂R0

∂π
=

1
A

(
θ1

S∗

π
+σ2

V ∗

π

)
+

θ4

AB

(
ρ1

S∗

π
+ρ2

V ∗

π

)
.

Hence
∂R0

∂π
=

1
π

(
β1

A
+

θ4β2

AB

)
=

R0

π
.

(So the normalized sensitivity fig.(3) is SR0
π = π/R0 · (R0/π) = 1.)

(5) µ: (affects S∗,V ∗,A,B)

∂R0

∂ µ
=

1
A

(
θ1

∂S∗

∂ µ
+σ2

∂V ∗

∂ µ

)
+

θ4

AB

(
ρ1

∂S∗

∂ µ
+ρ2

∂V ∗

∂ µ

)
︸ ︷︷ ︸

chain terms

+

(
−β1

A2 −
θ4β2

A2B

)
︸ ︷︷ ︸

∂R0/∂A · dA/dµ

+

(
−θ4β2

AB2

)
︸ ︷︷ ︸

∂R0/∂B · dB/dµ

,

with
∂S∗

∂ µ
=− S∗

D1
,

∂V ∗

∂ µ
=−V ∗

D1
− V ∗

D2
.

Thus one may collect terms to obtain an explicit formula.

Normalized sensitivity indices.. Finally, for each parameter p the normalized index is

SR0
p =

p
R0

∂R0

∂ p
.

In particular
SR0

π = 1,

and the others follow by multiplying the boxed partial derivatives by p/R0 [18, 29, 30].

Sensitivity signs and interpretation

• Parameters appearing positively in β1,β2 (e.g. θ1,σ2,ρ1,ρ2,γ-like transmissibilities) typically have posi-
tive sensitivity indices: increasing them increases R0.

• Parameters that increase removal (e.g. κ1,κ2,θ3,θ5,ω3) reduce R0 and yield negative sensitivity indices.

• Vaccination σ1 has a mixed effect via S∗,V ∗; sign depends on baseline and relative sizes of σ2,σ3 etc.
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6. Optimal Control Problem

We consider three time-dependent control variables ω1(t), ω2(t), ω3(t), with bounds

0 ≤ ωi(t)≤ ωi,max, i = 1,2,3,

over a finite time horizon t ∈ [0,T ]. The objective is to minimize the cost functional

J(ω1,ω2,ω3) =
∫ T

0

(
C1I1(t)+C2I2(t)+

1
2
(
W1ω

2
1 +W2ω

2
2 +W3ω

2
3
))

dt,

where C1,C2 > 0 weigh the disease burden and Wi > 0 penalize the control effort [30].

State Dynamics

The fractional-order state eq.(8) with given initial conditions.

Hamiltonian

Introduce adjoint variables λS,λV ,λE ,λI1 ,λI2 ,λR, and define the Hamiltonian:

H =C1I1 +C2I2 +
1
2
(
W1ω

2
1 +W2ω

2
2 +W3ω

2
3
)

+λS
(
π −θ1SI1 −ρ1SI2 − (σ1 +µ +ω1)S

)
+λV

(
σ1S−σ2V I1 −ρ2V I2 − (σ3 +µ +ω2)V

)
+λE

(
θ1SI1 +ρ1SI2 +σ2V I1 +ρ2V I2 − (µ +θ2)E

)
+λI1

(
θ2E − (κ1 +µ +θ3 +θ4 +ω3)I1

)
+λI2

(
θ4I1 − (κ2 +µ +θ5)I2

)
+λR

(
θ3I1 +θ5I2 +σ3V −µR

)
.

Adjoint Equations

For the Caputo-Fabrizio fractional derivative, the adjoint equations are

FFM
t Dξ ,λ

T λi =−∂H
∂xi

, λi(T ) = 0, i = S,V,E, I1, I2,R,

which explicitly:

FFM
t Dξ ,λ

T λS = λS(θ1I1 +ρ1I2 +σ1 +µ +ω1)−λV σ1 −λE(θ1I1 +ρ1I2),

FFM
t Dξ ,λ

T λV = λV (σ2I1 +ρ2I2 +σ3 +µ)−λE(σ2I1 +ρ2I2)−λRσ3,

FFM
t Dξ ,λ

T λE = (µ +θ2)λE −θ2λI1 ,

FFM
t Dξ ,λ

T λI1 =−C1 +λSθ1S−λEθ1S−λI1(κ1 +µ +θ3 +θ4 +ω3)+λI2θ4 −λRθ3,

FFM
t Dξ ,λ

T λI2 =−C2 +λSρ1S−λEρ1S−λI2(κ2 +µ +θ5)−λRθ5,

FFM
t Dξ ,λ

T λR = µλR.

Optimal Controls

From ∂H/∂ωi = 0, the optimal controls fig.(4, 5, 6) are

ω
∗
1 (t) =

λSS
W1

,

ω
∗
2 (t) =

λVV
W2

,

ω
∗
3 (t) =

λI1I1

W3
.
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Enforcing the control bounds:

ω
∗
1 (t) = min

(
ω1,max,max

(
0,

λSS
W1

))
,

ω
∗
2 (t) = min

(
ω2,max,max

(
0,

λVV
W2

))
,

ω
∗
3 (t) = min

(
ω3,max,max

(
0,

λI1I1

W3

))
.

7. Numerical Analysis

To support and illustrate the theoretical findings, numerical simulations of the proposed fractional fractal
MittagŰLeffler SEVIR model are carried out. The system of fractional-order differential equations is solved
using the PredictorŰCorrector AdamsŰBashforthŰMoulton (ABM) method, which efficiently captures the non-
local and memory dependent behavior associated with the Caputo fractional derivative.

Model parameters are taken from biologically plausible studies on epidemic and immune dynamics, as listed
in Tables (1)Ű(2). These parameter sets correspond to distinct epidemiological conditions, allowing for the
examination of system behavior under varying fractional orders, delays and control measures. The initial con-
ditions represent a small initial infection level in a susceptible population to simulate the early stage of disease
transmission.

Unless otherwise stated, the fractional order is fixed at α = 0.95, representing strong memory effects while
remaining close to the classical case. The use of the MittagŰLeffler kernel introduces a more realistic long-term
memory response, ensuring accurate modeling of sub diffusive dynamics in the population.

The numerical outcomes reveal complex dynamics, including transitions from steady states to oscillatory
behavior through Hopf bifurcation as critical parameters such as delay or infection rate vary. These oscillations
correspond to recurrent epidemic waves and are consistent with the theoretical bifurcation results. Sensitivity
analysis confirms that the basic reproduction number R0 acts as a decisive threshold parameter: when R0 < 1,
the disease dies out; when R0 > 1, infection persists or leads to periodic oscillations.

Optimal control simulations based on PontryaginŠs Maximum Principle further demonstrate that combined
intervention strategies such as vaccination, treatment, and awareness are more effective than single controls in
reducing infection levels. Fractional-order memory effects are shown to prolong immune activity and delay
reinfection, enhancing the overall effectiveness of control measures.

Sensitivity results highlight that infection rate, fractional order α , and control efficiency are the most influ-
ential parameters affecting disease progression. The numerical plots generated using Tables (1)Ű(2) visually
confirm these dependencies and align closely with the analytical sensitivity results.

In summary, the numerical findings validate the theoretical framework and underscore that fractional and
fractal MittagŰLeffler dynamics play a crucial role in shaping epidemic evolution, enhancing intervention effi-
ciency, and influencing the emergence of Hopf bifurcationŰinduced oscillations.

Figure 1: Graph illustrates the temporal evolution of each compartment in the fractional SVEI1I2R model.

Figure.1 the graph illustrates the temporal evolution of each compartment in the fractional SVEI1I2R model,
showing that the infected and exposed populations rise initially and then decline as recovery dominates. Over
time, the system stabilizes at a disease-free equilibrium with most individuals in the recovered class.
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Figure 2: The Hopf bifurcation points for the control parameter ω3.

The Figure.2 shows the Hopf bifurcation points for the control parameter ω3, where the system transitions
from stability to oscillatory behavior. The red dots denote the bifurcation points, and the blue dashed line repre-
sents the current value of ω3.

Figure 3: Graph show the sensitivity analysis of R0 for the SVEI1I2R model.

Figure.3 show the sensitivity analysis of R0 for the SVEI1I2R model shows that R0 is most sensitive to π , θ1,
and σ1, indicating their dominant influence on disease transmission. Positive indices increase R0, while negative
indices such as σ1 and ω3 decrease it.
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Figure 4: shows the schematic illustrates the optimal control problems

Figure.4 shows the schematic illustrates the ForwardŰBackward Sweep Method for solving fractional opti-
mal control problems. It shows the iterative cycle of solving state and adjoint equations while updating control
variables until convergence.

Figure 5: 3D schematic illustrates the ForwardŰBackward Sweep Method applied to fractional differential
equations.
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Figure.5 shows the 3D schematic illustrates the ForwardŰBackward Sweep Method applied to fractional
differential equations. It depicts the iterative process between forward state equations and backward adjoint
equations over the control surface.

Figure 6: 3D surfaces represent the optimal control trajectories ω∗
1 (t), ω∗

2 (t), and ω∗
3 (t).

Figure.6 shows the 3D surfaces represent the optimal control trajectories ω∗
1 (t), ω∗

2 (t), and ω∗
3 (t) as functions

of state and adjoint variables. Each surface illustrates how optimal control intensity evolves with changes in
system dynamics over time.

Figure 7

Figure.7 shows the plot illustrates the temporal dynamics of the SVEI1I2R model under varying ξ values. It
shows how susceptible, vaccinated, exposed, infected, and recovered population fractions evolve over time.

Table 1: Initial conditions for the fractional-order SVEI1I2R model.

Variable Description Initial Value
S0 Initial number of susceptible cattle 10
V0 Initial number of vaccinated cattle 5
E0 Initial number of exposed (latent) cattle 2.5
I1,0 Initial number of acutely infected cattle 1.4
I2,0 Initial number of chronically infected cattle 1.5
R0 Initial number of recovered cattle 1
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Table 2: Parameter Values

Parameter Description Value (units)
π Birth rate of cattle 0.02 day−1

θ1 Transmission rate from susceptible to exposed via I1 0.4 day−1

ρ1 Transmission rate from susceptible to exposed via I2 0.25 day−1

σ1 Vaccination rate of susceptible cattle 0.1 day−1

σ2 Exposure rate of vaccinated cattle due to I1 0.05 day−1

ρ2 Transmission rate from vaccinated to exposed via I2 0.03 day−1

σ3 Recovery/immunity rate of vaccinated cattle 0.08 day−1

θ2 Transition rate from exposed to acutely infected 0.2 day−1

κ1 Death rate due to acute infection 0.01 day−1

θ3 Recovery rate from acute infection (I1) 0.15 day−1

θ4 Transition rate from acute (I1) to chronic (I2) infection 0.05 day−1

κ2 Death rate due to chronic infection 0.005 day−1

θ5 Recovery rate from chronic infection (I2) 0.1 day−1

µ Natural mortality rate 0.01 day−1

ω1 Control intervention on S (e.g., vaccination/medication) 0.05 day−1

ω2 Control intervention on V 0.04 day−1

ω3 Control intervention on I1 0.03 day−1

8. Conclusions

In this study, we extended the classical Lumpy Skin Disease (LSD) SV EI1I2R model by incorporating a frac-
tional fractal Mittag-Leffler derivative, capturing memory and hereditary effects in disease transmission. Our
analysis established conditions for local and global stability, and the basic reproduction number was computed
to determine epidemic thresholds. The investigation of Hopf bifurcation revealed parameter regimes that may
lead to sustained oscillatory outbreaks, highlighting the complex dynamics induced by fractional-order effects.
Through sensitivity analysis, key parameters influencing disease progression and control efficacy were iden-
tified, providing targets for intervention. Finally, the optimal control framework demonstrated that strategic
vaccination, treatment, and isolation policies can substantially reduce infection levels and mitigate outbreaks.
Overall, the study offers a comprehensive and integrated approach for understanding, predicting, and controlling
LSD, emphasizing the critical role of fractional dynamics, bifurcation phenomena, and parameter sensitivities in
effective epidemic management.
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